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Abstract1

We study a prototype Crossing Minimization problem, defined as follows. Let F be an infinite2

family of (possibly vertex-labeled) graphs. Then, given a set P of (possibly labeled) n points in3

the Euclidean plane, a collection L ⊆ Lines(P ) = {` : ` is a line segment with both endpoints in4

P}, and a non-negative integer k, decide if there is a subcollection L′ ⊆ L such that the graph5

G = (P,L′) is isomorphic to a graph in F and L′ has at most k crossings. By G = (P,L′),6

we refer to the graph on vertex set P , where two vertices are adjacent if and only if there is a7

line segment that connects them in L′. Intuitively, in Crossing Minimization, we have a set8

of locations of interest, and we want to build/draw/exhibit connections between them (where9

L indicates where it is feasible to have these connections) so that we obtain a structure in F .10

Natural choices for F are the collections of perfect matchings, Hamiltonian paths, and graphs11

that contain an (s, t)-path (a path whose endpoints are labeled). While the objective of seeking a12

solution with few crossings is of interest from a theoretical point of view, it is also well motivated13

by a wide range of practical considerations. For example, links/roads (such as highways) may be14

cheaper to build and faster to traverse, and signals/moving objects would collide/interrupt each15

other less often. Further, graphs with fewer crossings are preferred for graphic user interfaces.16

As a starting point for a systematic study, we consider a special case of Crossing Minimiz-17

ation. Already for this case, we obtain NP-hardness and W[1]-hardness results, and ETH-based18

lower bounds. Specifically, suppose that the input also contains a collection D of d non-crossing19

line segments such that each point in P belongs to exactly one line in D, and L does not contain20

line segments between points on the same line in D. Clearly, Crossing Minimization is the21

case where d = n—then, P is in general position. The case of d = 2 is of interest not only22

because it is the most restricted non-trivial case, but also since it corresponds to a class of graphs23

that has been well studied—specifically, it is Crossing Minimization where G = (P,L) is a24

(bipartite) graph with a so called two-layer drawing. For d = 2, we consider three basic choices25

of F . For perfect matchings, we show (i) NP-hardness with an ETH-based lower bound, (ii)26

solvability in subexponential parameterized time, and (iii) existence of an O(k2)-vertex kernel.27

Second, for Hamiltonian paths, we show (i) solvability in subexponential parameterized time,28

and (ii) existence of an O(k2)-vertex kernel. Lastly, for graphs that contain an (s, t)-path, we29

show (i) NP-hardness and W[1]-hardness, and (ii) membership in XP.30
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1 Introduction31

Let F be an infinite family of (possibly vertex-labeled) graphs. Suppose that given a graph34

F , the membership of F in F is testable in time polynomial in the size of F . For the family35

F , we define a prototype Crossing Minimization problem as follows (see Fig. 1). Given36

a set P of (possibly labeled) n points in the two-dimensional Euclidean plane, a collection37

L ⊆ Lines(P ) = {` : ` is a line segment with both endpoints in P}, and a non-negative integer38

k, decide if there exists a subcollection L′ ⊆ L such that the graph G = (P,L′) is isomorphic139

to a graph in F and L′ has at most k crossings. The notation G = (P,L′) refers to the40

graph on vertex set P , where two vertices are adjacent if and only if there is a line segment41

that connects them in L′. Moreover, the number of crossings of L′ is the number of pairs of42

line segments in L′ that intersect each other at a point other than their possible common43

endpoint. The Crossing Minimization problem is a general model for a wide range of44

scenarios where we have a set of points of interest that correspond to geographical areas or45

fixed objects such as cities, manufacturing machinery or immobile equipment, attractions46

and mailboxes, and we want to build, draw or exhibit connections between them (where L47

indicates where it is feasible to have these connections) in order to obtain a structure in F .48

While the objective of seeking a solution with few crossings is of interest from a theoretical49

viewpoint, it is also well motivated by practical considerations. For example, public tracks50

(such as roads, highways or even paths in amusement parks) with fewer crossings require the51

construction of less bridges, elevated tracks, traffic lights and roundabouts, and therefore52

they are likely to be cheaper to build [48], easier and faster to traverse [12], and cause less53

accidents [23]. Moreover, signals and moving objects would interrupt each other less often.54

This property may be crucial as frequent collision between signals can distort or weaken55

them [4]. Furthermore, for moving objects such as robots (cleaning robots, autonomous agents56

and self-driving cars) that cannot physically be present in an intersection point simultaneously,57

encountering a large number of crossings may require the development of more complex58

navigation and sensory systems [41]. Lastly, graphs with fewer crossings are easier to view59

and analyze—in graphic user interfaces, for example, visual clarity is a major issue [15].60

Keeping the above applications in mind, three natural choices for the family F are the fam-61

ily of (Hamiltonian) paths, the family of graphs that contain an (s, t)-path (identification of s62

and t is modeled by vertex labels), and the family of (possibly vertex-labeled) perfect match-63

ings. Indeed, these families model the most basic scenarios where all points must be connected64

by a path (e.g., to plan tracks for sightseeing trains or maintenance equipment such as cleaning65

robots or lawn mowers), only a specific pair of points must be connected by a path (e.g., to66

transport goods between two destinations), or the points are to be matched with one another67

(e.g., to pair up robots and charging ports). Furthermore, the computational problems that68

correspond to these families—Hamiltonian Path, (s, t)-Path and Perfect Matching,69

respectively—are among the most classical problems in computer science [24, 31, 21, 13].70

As a starting point for a systematic study, we consider a special case of Crossing75

Minimization. Already for this case, we obtain NP-hardness and W[1]-hardness results, and76

ETH-based lower bounds, alongside positive results. Specifically, suppose that the input also77

contains a collection D of d non-crossing line segments such that each point in P belongs to78

exactly one line in D, and L does not contain line segments between points on the same line79

1 With respect to vertex-labeled graphs, isomorphism also preserves the labeling of vertices rather than
only their adjacency relationships—that is, a vertex labeled i can only be mapped to a vertex labeled i.
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Figure 1 An instance of Crossing Minimization (in black) where F is the family of (a) perfect
matchings, and (b) graphs that have an (s, t)-path. Solution edges are marked by squiggly lines—the
number of crossings is 2 in (a) and 1 in (b). The d = 3 colorful line segments display D.
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in D (see Fig. 1).2 Clearly, Crossing Minimization is the case where d = n—then, the set80

P can be in general position. The case of d = 2 is of interest not only because it is the most81

restricted non-trivial case, but also since it corresponds to a class of graphs that has been well82

studied in the literature—specifically, this case is precisely Crossing Minimization where83

G = (P,L) is a (bipartite) graph with a so called two-layer drawing. Clearly, our hardness84

results carry over to any generalization of the case where d = 2. For this case, we consider85

the aforementioned three basic choices of F , and obtain a comprehensive picture of their86

complexity. In what follows, we discuss our contribution, and then review related literature.87

1.1 Our Contribution88

Our study focuses on the class of two-layered graphs. Formally, a two-layered graph is a89

bipartite graph G with vertex bipartition V (G) = X ∪ Y that has a two-layer drawing—that90

is, a placement of the vertices of X on distinct points on a straight line segment L1, and the91

vertices of Y on distinct points on a different (non-intersecting) straight line segment L2.92

The relative positions of the vertices in X and Y on L1 and L2, respectively, are given by93

permutations σX and σY . Each edge is drawn using a straight line segment connecting the94

points of its end-vertices. We refer to (σX , σY ) as the two-layered embedding/drawing of G.95

Note that (σX , σY ) uniquely determines which edges intersect. The crossing minimization96

problem that corresponds to Perfect Matching on two-layered graphs is defined as follows.97

Crossing-Minimizing Perfect Matching (CM-PM) Parameter: k

Input: A two-layered graph G (i.e., a bipartite graph G with bipartition V (G) = X ∪ Y ,
and orderings σX and σY of X and Y , respectively), and a non-negative integer k.
Question: Does G have a perfect matching with at most k crossings?

98

Similarly, we define the crossing minimization variants of Hamiltonian Path (the100

existence of a path that visits all vertices)3 and (s, t)-Path (the existence of a path between101

2 Having lines segments between points on the same line in D only makes the problem more general.74
3 We remark that our results for Hamiltonian Path extend to Hamiltonian Cycle.99
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two designated vertices). We refer to these problems as Crossing-Minimizing Hamiltonian102

Path (CM-HP) and Crossing-Minimization (s, t)-Path (CM-Path), respectively.103

Our Results. In this paper, we present a comprehensive picture of both the classical and104

parameterized computational complexities of these three problems as follows. (Definitions of105

standard notions in Parameterized Complexity can be found in Section 2.)106

CM-PM.
• Negative. NP-complete even on graphs of maximum degree 2. Moreover, unless the ETH

fails, it can be solved neither in time 2o(n+m) nor in time 2o(
√
k)nO(1) on these graphs.

• Positive. Admits a kernel with O(k2) vertices. Moreover, it admits a subexponential
parameterized algorithm with running time 2O(

√
k)nO(1). In light of the negative result

above, the running time of this algorithm is optimal.

We briefly remark that the proof of NP-completeness of CM-PM resolves an open107

question related to a problem called Token Swapping (see Section 1.2), introduced in 2014108

by Yamanaka et al. [54, 1]. Two generalizations of Token Swapping were introduced by109

Yamanaka et al. [54, 1] and Bonnet et al. [8], both known to be NP-complete due to Miltzow110

et al. [44]. One of the results of Bonnet et al. [8] is the analysis of the complexity of all three111

token swapping problems on simple graph classes, including trees, cliques, stars and paths.112

Subset Token Swapping was shown to be NP-complete on the first three classes, but the113

status of the problem for paths was unknown. Since Subset Token Swapping restricted to114

paths is equivalent to our CM-PM (noted by Miltzow [43]), we derive that Subset Token115

Swapping restricted to paths is NP-complete as well.116

CM-HP.
• Negative. NP-complete even on graphs that admit a Hamiltonian path. Moreover,

unless the ETH fails, it can be solved neither in time 2o(n+m) nor in time 2o(
√
k)nO(1) on

these graphs.
• Positive. Admits a kernel with O(k2) vertices. Moreover, it admits a subexponential
parameterized algorithm with running time 2O(

√
k log k)nO(1). In light of the negative

result above, the running time of this algorithm is almost optimal.

While Hamiltonian Path is a classical NP-complete problem [24], we prove that in the117

case of CM-HP, the hardness holds even if we know of a Hamiltonian path in the input graph118

(in which case Hamiltonian Path is trivial). We also comment that in the case of CM-HP119

(and also CM-Path), unlike the case of CM-PM, the problem becomes trivially solvable120

in polynomial time on graphs of maximum degree 2. Indeed, graphs of maximum degree 2121

are collections of paths and cycles, and hence admit only linearly in n many Hamiltonian122

paths that can be easily enumerated in polynomial time. Then, CM-HP is solved by testing123

whether at least one of these Hamiltonian paths has at most k crossings. In fact, most natural124

NP-complete graph problems become solvable in polynomial time on graphs of maximum125

degree 2, therefore we find the hardness of CM-PM on these graphs quite surprising.126

CM-Path.
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• Negative. NP-complete and W[1]-hard. Specifically, unless W[1] = FPT, it admits
neither an algorithm with running time f(k)nO(1) nor a kernel of size f(k), for any
computable function f of k.
• Positive. Member in XP. Specifically, it is solvable in time nO(k).

In light of our first two sets of results, we find our third set of results quite surprising:130

(s, t)-Path is the easiest to solve among itself, Perfect Matching and Hamiltonian131

Path,4 yet when crossing minimization is involved, (s, t)-Path is substantially more difficult132

than the other two problems—indeed, CM-PM is not even FPT (unless W[1] = FPT).133

Our Methods. In what follows, we give a brief overview of our methods.134

CM-PM. We prove that CM-PM on graphs of maximum degree 2 is NP-hard by a reduction135

from Vertex Cover. The same reduction shows that CM-PM does not admit any 2o(n+m)-136

time (or 2o(
√
k)nO(1)-time) algorithm unless the ETH fails.137

For our algorithm and kernel, consider an instance (G, k) of CM-PM, where V (G) = X∪Y138

is the vertex bipartition with |X| = |Y | = n. For i ∈ [n], let xi and yi denote the ith vertices139

of X and Y , respectively, in the given two-layered embedding of G. It is not difficult to see140

that the only perfect matching with no crossings, if such a matching exists, is {xiyi | i ∈ [n]}.141

Therefore, if M is a perfect matching and xiyj ∈ M with i 6= j, then the edge xiyi must142

intersect another edge in M , which yields a crossing. In fact, xiyj must intersect at least143

|j − i| edges. Therefore, no feasible solution to CM-PM can contain an edge xiyj with144

|j − i| > k. This observation plays a key role in both our algorithm and kernel designs. Our145

algorithm is based on dynamic programming, and its analysis is based on Hardy-Ramanujan146

numbers [28]. (By considering these numbers, we are able to derive a running time bound of147

O∗(2O(
√
k)).) Very briefly, at stage i we consider the graph Gi, the subgraph of G induced148

by Xi ∪ Yi = {xj , yj | j ≤ i}. Our algorithm “guesses” which subsets of V (Gi) are going to149

be matched to “future vertices”, i.e., vertices in V (G) \ V (Gi) in an optimal solution, and150

solves the problem optimally on the graph induced by the remaining vertices. For the kernel,151

we show that either (G, k) is a no-instance or the number of “bad pairs”, i.e., {xi, yi} where152

xiyi /∈ E(G), cannot exceed 2k. We then bound the number of pairs {xi, yi} between two153

consecutive bad pairs by O(k) again, which gives a kernel with O(k2) vertices.154

CM-HP. By a reduction from a variant of Hamiltonian Path on bipartite graphs, we155

show that CM-HP is NP-hard even if the input graph is assumed to have a Hamiltonian156

path. For our FPT algorithm and kernel, we adopt a strategy similar to the one we employed157

for CM-PM. For the algorithm, we guess which subsets of Gi have a neighbor in the future,158

and proceed accordingly. As for the kernel, we identify a set of bad structures—namely,159

configurations of vertices and edges that result in crossings in any Hamiltonian path in G.160

We show that both the number and the size of bad structures cannot exceed O(k). Then161

we bound the number of vertices between two consecutive bad structures by O(k) as well,162

which gives a kernel with O(k2) vertices.163

CM-PATH. We prove the W[1]-hardness of CM-Path by giving an appropriate reduction164

from Multi-Colored Clique, which is known to be W[1]-hard [22]. Given an instance165

(G,V1, V2, . . . , Vk) of Multi-Colored Clique (G is a k-partite graph, and the problem166

4 In particular, (s, t)-Path can be directly solved in linear time via BFS [13], while Perfect Matching is
only known to be solvable by more complex (non-linear time) algorithms such as Edmonds algorithm [21],
and the status of Hamiltonian Path is even worse given that it is NP-complete [24].
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is to check whether G contains a clique with exactly one vertex from each Vi), we create167

an equivalent instance (G′, X, Y, s, t, k′) of CM-Path, where G′ is a two-layered graph, as168

follows. We create an s-t path in G′ that “selects” a vertex from each Vi and an edge for169

each (distinct) pair (Vi, Vj). To this end, for each Vi, we have a vertex selection gadget Vi,170

and for (distinct) Vi, Vj , we have an edge selection gadget Eij . The vertex and edge selection171

gadgets are arranged in a linear fashion to create an s− t path in G′. In the construction,172

we add a pair of non-adjacent vertices in Eij for each edge between Vi and Vj . We also add a173

path between the pair of (non-adjacent) vertices whose edges cross the gadgets Vi and Vj ,174

which enforces compatibility between vertices and edges that are selected. Finally, by setting175

k′ appropriately, we get the desired reduction.176

As for the XP algorithm for CM-Path, we guess which edges of G are going to be involved177

in crossings in a feasible solution. The problem then reduces to connecting these guessed178

edges using crossing-free subpaths, which can be done in polynomial time.179

1.2 Related Works180

The Crossing Number Problem. The crossing number of a graph G is the minimum184

number of crossings in a plane drawing of G. The notion of a crossing number originally185

arose in 1940 by Turán [52] for bipartite graphs in the context of the minimization of the186

number of crossings between tracks connecting brick kilns to storage sites. Computationally,187

the input of the Crossing Number problem is a graph G and a non-negative integer k, and188

the task is to decide whether the crossing number of G is at most k. This problem is among189

the most classical and fundamental graph layout problems in computer science. It was shown190

to be NP-complete by Garey and Johnson in 1983 [25]. Not only is the problem NP-complete191

on graphs of maximum degree 3 [29], but also it is surprisingly NP-complete even on graphs192

that can be made planar and hence crossing-free by the removal of just a single edge [9].193

Nevertheless, Crossing Number was shown to be FPT by Grohe already in 2001 [26], who194

developed an algorithm that runs in time f(k)n2 where f is at least double exponential.5 A195

further development was achieved by Kawarabayashi and Reed [36], who showed that the196

problem is solvable in time f(k)n. On the negative side, Hlinený and Dernár [30] proved197

that Crossing Number does not admit a polynomial kernel unless NP ⊆coNP/poly.198

Variants of Crossing Number where the vertices can be placed only on prespecified199

curves are extensively studied. Closely related to our work is the well-known Two-Layer200

Crossing Minimization problem: given a bipartite graph G with vertex bipartition201

V (G) = X ∪ Y , and a non-negative integer k, the task is to decide whether G admits a202

two-layered drawing where the number of crossings is at most k. This problem originated203

in VLSI design [50]. A solution to the Two-Layer Crossing Minimization problem is204

also useful in solving the rank aggregation problem, which has applications in meta-search205

and spam reduction on the Web [7]. We refer the reader to [55] and references therein for206

other applications. The Two-Layer Crossing Minimization problem is long known to207

be NP-complete, even in its one sided version where we are allowed to permute vertices208

only from one (fixed) side [19, 20]. Further, the membership of Two-Layer Crossing209

Minimization in FPT has already been proven close to two decades ago by Dujmovic et210

al. [18]. Noteworthy is also the well-studied variant of Crossing Number that restricts211

the vertices to be placed only on a prespecified circle and edges are drawn as straight line212

5 We find the contrast between this result and our result on CM-Path somewhat surprising. At first
glance, our CM-Path problem seems computationally simpler than Crossing Number (where the
embedding is computed from scratch), yet our problem is W[1]-hard while Crossing Number is FPT.
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segments. Both of these variants as well as their various versions are subject to an active line213

of research [37]. Further, aesthetic display of these layouts are of importance in biology [40],214

and included in standard graph layout software [35] such as yFiles, Graphviz, or OGDF. For215

more information on Crossing Number and its variants, we refer to surveys such as [49].216

Problems on Fixed Point Sets. Settings where we are given a set of points P in the217

plane that represent vertices, and edges are to be drawn as straight lines between them,218

are intensively studied since the early 80s. A large body of work has been devoted to219

the establishment of combinatorial bounds on the number of crossing-free graphs on P ,220

where particular attention is given to crossing-free triangulations, perfect matchings and221

Hamiltonian paths and cycles. Originally, the study of these bounds was initiated Newborn222

and Moser in 1980 [47] for crossing-free Hamiltonian cycles. For more information, we refer to223

the excellent Introduction of Sharir and Welz [51] and the references therein. Computationally,224

the problem of counting the number of such crossing-free graphs (faster than the time required225

to enumerate them) is of great interest (see, e.g., [53, 5, 42]). Furthermore, the computation226

of a single crossing-free graph on P (such as a perfect matching), possibly with a special227

property of being “short” [3, 2, 11], has already been studied since 1993 [34]. To the best of228

our knowledge, the minimization of the number of crossings (rather than the detection of229

a crossing-free graph) has received only little attention, mostly in an ad-hoc fashion. An230

exception to this is the work of Halldórsson et al. [27] with respect to spanning trees. We231

remark that they study the problem in its full generality, where the computation of even a232

crossing-free spanning tree is already NP-complete [38, 34].233

Related to our study is also the Metro Line Crossing Minimization problem, in-234

troduced by Benkert et al. [6] in 2007. Given an embedded graph G on P , as well as k235

pairs of vertices (called terminals), a solution to this problem is a set of paths that connect236

their respective pairs of terminals, and which has minimum number of “crossings” under a237

definition different than ours. Specifically, paths are thought of as being drawn in the plane238

“alongside” the edges of G rather than on the edges themselves. Such a formulation allows239

to reuse a single edge a large number of times. Therefore, the avoidance of crossings might240

come at the cost of congesting the same tracks by buses and trains (or building many parallel241

tracks). Finally, we mention the Token Swapping problem, where we are given a graph242

with a token placed on each vertex, and each token has a unique target vertex. The objective243

is to move the tokens with minimum number of swaps so that each token is placed on its244

target vertex. We remind that this problem was discussed in Section 1.1. Although it seems245

unrelated to our study, recall that a variant of it is equivalent to CM-PM [43].246

2 Preliminaries247

Sets and functions. We use N to denote the set {0, 1, 2, . . .}. For n ∈ N, [n] denotes the set248

{1, 2, 3, . . . , n}, and [n]0 = [n] ∪ {0}. We define [0] = ∅. For a set A, 2A denotes the power249

set of A. For sets A, B, A′ ⊆ A and a function f : A→ B, f |A′ denotes the restriction of f250

to A′. That is, f |A′ is the function from A′ to B, defined as f |A′(x) = f(x) for every x ∈ A′.251

Graphs. All graphs in this paper are simple and undirected. For a graph G, V (G) and252

E(G), respectively, denote the vertex set and edge set of G. For an edge e = uv, the vertices u253

and v are called the endpoints of e. For a set E′ ⊆ E(G), V (E′) denotes the set of endpoints254

of edges in E′. A set of edges M ⊆ E(G) is said to be a matching in G if for every pair of255

distinct edges e, e′ ∈M , V ({e}) ∩ V ({e′}) = ∅. A matching M ⊆ E(G) is said to saturate a256

vertex v ∈ V (G) if v ∈ V (M). Moreover, M is said to saturate a set of vertices V ′ ⊆ V (G) if257
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V ′ ⊆ V (M). A matching M in G is said to be a perfect matching if M saturates the entire258

vertex set V (G). An ordered sequence P of distinct vertices v1v2 . . . vr is said to be a path in259

G if vivi+1 ∈ E(G) for every i ∈ [r − 1]. We refer to vertices v1 and vr as the end vertices260

or terminal vertices of the path P , and vertices v2, v3, . . . , vr−1 as the internal vertices of261

the path P . For every i ∈ [r], we say that the path P visits (or passes through) the vertex262

vi. A path in G is called a Hamiltonian path if it visits every vertex of G. Terminology and263

notation not defined here can be found in the book of Diestel [16].264

Two-layered graphs. Consider a two-layered graph G. Whenever the context is clear, we265

denote the vertex bipartition of G (given by the two-layer drawing) by X and Y . We use266

nX and nY to denote |X| and |Y |, respectively. For i ∈ [nX ], we let xi be the ith vertex267

of X and for j ∈ [nY ], we let yj be the jth vertex of Y , in the two-layered drawing of G.268

Also, we say that i is the index of the vertex xi and j is the index of the vertex yj . We write269

index(xi) = i and index(yj) = j. Similarly, we let Xi denote the set {xr | 1 ≤ r ≤ i}, and270

we let Yj denote the set {yr | 1 ≤ r ≤ j}. For i, j ∈ [nX ], where i ≤ j, the set Xi,j denotes271

the set {xp | i ≤ p ≤ j}. Moreover, if i < j, then the set Xj,i = ∅. (Note that Xi,j is not the272

same as Xj,i, unless i = j.) The set Yi,j is defined analogously for i, j ∈ [nY ]. A crossing in273

G is a pair of edges that intersect at a point other than their possible common endpoints.274

Note that two edges xiyj and xrys, where i, r ∈ [nX ] and j, s ∈ [nY ], form a crossing (or,275

cross each other) if and only if i ≤ j, r > i, j > s or r ≤ s, i > r, s > j. We say that an edge276

e ∈ E(G) participates in a crossing if there is another edge e′ ∈ E(G) such that e and e′277

cross each other. Similarly, we say that a vertex v ∈ V (G) participates in a crossing if v is an278

endpoint of an edge that participates in a crossing. For a subgraph H of G, cr(H) denotes279

the number of crossings in H. Similarly, for a set of edges E′ ⊆ E(G), cr(E′) denotes the280

number of crossings in the subgraph induced by E′.281

Parameterized Complexity. In the framework of parameterized complexity, each problem282

instance is associated with a non-negative integer k, called a parameter. A problem is283

said to be fixed-parameter tractable (FPT) if it admits an algorithm with running time284

f(k)nO(1) time for some computable function f , where n is the input size. Moreover, if the285

problem is solvable in time ng(k), then it is said to admit an XP algorithm. A companion286

notion of fixed-parameter tractability is that of kernelization. A kernelization algorithm is287

a polynomial-time algorithm that transforms an arbitrary instance of the problem to an288

equivalent instance of the same problem whose size is bounded by some computable function289

g of the parameter of the original instance. The resulting instance is called a kernel, and if g290

is a polynomial function, then it is called a polynomial kernel, and we say that the problem291

admits a polynomial kernel. Parameterized complexity provides a theory of intractability292

as well, which enables us to show that certain problems are unlikely to be fixed-parameter293

tractable. This is done by giving an appropriate reduction from a so called W-hard problem.294

To obtain (essentially) tight conditional lower bounds for the running time of FPT or XP295

algorithms, we rely on the well-known Exponential-Time Hypothesis (ETH) [32, 33, 10]. To296

formalize the statement of ETH, recall that given a formula ϕ in conjunctive normal form297

(CNF) with n variables and m clauses, the task of CNF-SAT is to decide whether there is a298

truth assignment to the variables that satisfies ϕ. In the p-CNF-SAT problem, each clause299

is restricted to have at most p literals. ETH states that 3-CNF-SAT cannot be solved in300

time 2o(n). Additional details on parameterized complexity and ETH can be found in [14, 17].301
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Figure 2 The vertex gadget of size 3.315

3 NP-hardness, FPT Algorithm and Polynomial Kernel for302

Crossing-Minimizing Perfect Matching303

In this section, we show that CM-PM is NP-hard, but can be solved in time 2O(
√
k)nO(1)304

using an algorithm based on dynamic programming. We also design an O(k2) vertex kernel305

for CM-PM. The problem is formally defined as follows.306

Crossing-Minimizing Perfect Matching (CM-PM) Parameter: k

Input: A two-layered graph G and a non-negative integer k.
Question: Does G have a perfect matching with at most k crossings?

307

3.1 NP-hardness for CM-PM308

We show that CM-PM is NP-hard, even if the maximum degree of the input graph is 2. Our309

proof of NP-hardness is a polynomial-time reduction from Vertex Cover. The problem310

Vertex Cover takes as input a graph G and an integer k, and the objective is to check311

if there is S ⊆ V (G) of size k, such that G− S has no edges (in other words, S is a vertex312

cover in G). Vertex Cover is known to be NP-hard from [39].313

I Theorem 1. CM-PM is NP-hard, even if the maximum degree of the input graph is 2.314

Proof. We give a reduction from the Vertex Cover problem. Let (G, k) be an instance316

of Vertex Cover. In polynomial time, we will create an (equivalent) instance (H,m) of317

CM-PM. Our construction will be based on two gadgets. The first one is created for every318

vertex of G. For every integer s > 1, the vertex gadget of size s is a cycle on 8s vertices319

together with a path on 2 vertices, positioned as shown in Figure 2. We distinguish special320

areas in the vertex gadget, in which we put other elements of our construction. These areas321

are called slots and are marked with gray rectangles. We also number them as in the figure.322

The ones to the left of the purple edge are called left slots and the ones to the right are323

called right slots. The vertex gadget of size s has s left slots and s right slots. Furthermore,324

observe that there are only two ways to choose a perfect matching in this gadget: either take325

the blue edges and the purple edge in the middle, or the yellow edges and the purple one.326

Choosing the blue (the yellow) matching is interpreted as selecting (not selecting) the vertex327

in the vertex cover and we say that the gadget is ‘selected’ (‘not selected’).328

The second gadget, the edge gadget, is created for every edge of G. It is shown in Figure 3.330

331

The construction proceeds as follows. First, for every v ∈ V (G), we create a copy of332

the vertex gadget of size 2d(v). We place them on the two horizontal lines in such a way333

that each gadget occupies a separate range of the x axis, in any order. Now, for every edge334

uv ∈ E(G), where the gadget of u is to the left of the gadget of v, we select two consecutive335

right slots in the gadget of u and two consecutive left slots in the gadget of v, create a copy336

of the edge gadget and place its vertices as follows:337
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b

a

c

d e

f

Figure 3 The edge gadget.329

Figure 4 A graph G and a possible bipartite graph obtained by passing G to the reduction
algorithm, vertex gadgets presented schematically.

342

343

• vertices a and b in the left selected slot of the gadget of u,338

• vertex c in the right selected slot of the gadget of u,339

• vertex d in the left selected slot of the gadget of v,340

• verticed e and f in the right selected slot of the gadget of v.341

Such a selection of consecutive slots for each edge is of course possible, as we set the size344

of the vertex gadget to be 2d(v). See Figure 4 for a complete example. The edge gadget345

admits exactly two perfect matchings as well and just like previously, we give interpretations346

to these matchings. If the red (green) matching is selected, we say that the edge gadget347

is ‘covered’ at the right (left) side and ‘not covered’ at the left (right) side. Our naming348

convention may be confusing, as in the case of vertex covers, an edge may be covered at both349

sides, and our edge gadgets are always ‘not covered’ at one side. The property that we want350

to enforce is as follows: in every optimal solution, when the edge gadget is ‘covered’ at one351

side, the corresponding vertex gadget must be ‘selected’, and when the edge gadget is ‘not352

covered’ at this side, the vertex gadget may be either ‘selected’ or ‘not selected’.353

Now, we assume that the positions of all the gadgets are fixed and count the number of354

crossing edges. In our analysis, we are only interested in how this number changes when a355

different matching is chosen, and for this reason we introduce constants c1, c2, . . . that are356

dependent on the way the gadgets were assembled on the two horizontal lines, but not on357

the choice of matching. First, we count such crossings, where an edge of the vertex gadget358

crosses another edge of the same vertex gadget. As the vertex gadget of size s admits 2s+ 1359

crossings if ‘selected’ and 2s otherwise, this number is equal to:360

#s +
∑

v∈V (G)

2 · 2d(v) = #s + c1,361

where #s is the number of ‘selected’ vertex gadgets.362

The number of crossings between edges of edge gadgets turns out to be independent of363

the matching chosen and we denote it by c2. To see this, first observe that the number of364

crossings inside the edge gadget is always 1. Second, note that for two different copies of the365

edge gadget, the number of crossings between them is either 0, 1, 2 or 3, but in all cases it is366

independent of the choice of the matching.367
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vertex selected,
edge covered

vertex selected,
edge not covered

vertex not selected,
edge covered

vertex not selected,
edge not covered

Figure 5 The 4 possible configurations of a crossing of the right part of the vertex gadget and
the left part of the edge gadget.

368

369

It remains to count the number of crossings such that one edge belongs to the vertex370

gadget and the other to the edge gadget. Fix v ∈ V (G) and e ∈ E(G). We count crossings371

between edges of the vertex gadget of v and edges of the edge gadget of e. If v /∈ {u′, v′},372

where e = u′v′, then this number is independent of the choice of the matching. Hence, we373

denote the number of such crossings between every vertex gadget and every edge gadget by374

c3. Now assume that v ∈ {u′, v′}. As the vertex gadget and the edge gadget admit 2 possible375

perfect matchings each, we have 4 possibilities, as listed in Figure 5. The figure does not lose376

generality: in the figure, we are considering the right part of the vertex gadget and the left377

part of the edge gadget, but the analysis is the same in the opposite case. Let s, s+ 1 be the378

numbers of the two slots in the vertex gadget of v occupied by vertices of the edge gadget of379

e. The number of crossings between edges of the gadget of v and edges of the gadget of e is380

equal to:381

• 2(s− 1) + 1 = 1 + c4 in the ‘vertex selected, edge covered’ case,382

• 2(s− 1) + 5 = 5 + c4 in the ‘vertex selected, edge not covered’ case,383

• 2(s− 1) + 3 = 3 + c4 in the ‘vertex not selected, edge covered’ case,384

• 2(s− 1) + 5 = 5 + c4 in the ‘vertex not selected, edge not covered’ case.385

Let the variables #sc,#snc,#nsc,#nsnc count occurences of each of the four cases above386

in the entire graph H, respectively. The total number of crossing edges (allowed) is equal to:387

#s + c1 + c2 + c3 + (1 + c4)#sc + (3 + c4)#nsc + (5 + c4)#snc + (5 + c4)#nsnc.388

However, as every edge gadget must be ‘covered’ at one side and must ‘not be covered’ at the389

other, we have #sc + #nsc = #snc + #nsnc = |E(G)| and hence the calculation simplifies to390

391

#s + c1 + c2 + c3 + 2 ·#nsc + (1 + c4)|E(G)|+ (5 + c4)|E(G)| = #s + 2 ·#nsc + c5.392

To complete the description of the reduction algorithm, we set m = k + c5.393
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It is straightforward to implement the reduction algorithm in polynomial time. It remains394

to prove that G admits a vertex cover of size k if and only if H admits a perfect matching395

with at most m crossings.396

First suppose that G admits a vertex cover C of size at most k. Then one can choose397

the ‘selected’ perfect matching for vertex gadgets of every vertex in C and the ‘not selected’398

perfect matching for every other vertex. Moreover, as every edge of G is covered, one can399

choose perfect matchings in edge gadgets so that their ‘covered’ side is in a ‘selected’ vertex400

gadget. Then #nsc = 0 and the number of intersecting edges is equal to #s+c5 6 k+c5 = m,401

so H admits a perfect matching with at most m crossings.402

For the second implication, assume that H admits a perfect matching with at most m403

crossings. Let M be any matching with minimal number of crossings. Observe that #nsc = 0,404

as if there exists a vertex gadget that is ‘not selected’ and intersects a ‘covered’ edge gadget,405

one can choose the vertex gadget to be ‘selected’ instead, and achieve a perfect matching406

with fewer crossings, which contradicts the minimality of M . Now we construct a vertex407

cover of G: we select exactly the vertices whose vertex gadgets were ‘selected’. To see that408

this is a vertex cover, fix an edge of G. At the ‘covered’ side of its edge gadget, the vertex409

gadget is ‘selected’, because #nsc = 0. Thus, the corresponding vertex is selected to the410

cover. Finally, as the number of crossings in our construction is equal to #s + c5 and is at411

most m, the size of the vertex cover, equal to #s, is at most m− c5 = k. J412

Observe that in the proof above, the size of the CM-PM instance is linear in the size of the413

Vertex Cover instance. Indeed, for every vertex v ∈ V (G) we produce 16d(v) + 2 vertices414

of H, and for every edge of G, six vertices are produced. Hence, the number of vertices in the415

graph H, outputted by the reduction algorithm, is bounded by O(|V (G)|+ |E(G)|). As the416

vertices in H are of degree at most 2, we have |E(H)| ∈ O(|V (G)|+ |E(G)|). We note that417

Vertex Cover does not admit an algorithm running in time 2o(|V (G)|+|E(G)|) (assuming418

the Exponential Time Hypothesis), Theorem 14.6 in [14]. From the above discussions, we419

can conclude that CM-PM does not admit an algorithm running in time 2o(|V (H)|+|E(H)|).420

3.2 FPT Algorithm for CM-PM421

Let (G, k) be an instance of CM-PM, with vertex bipartition X and Y , where |X| = |Y | = n.422

(Here, we note that if |X| 6= |Y | then (G, k) is a no-instance as it does not admit a perfect423

matching.) We will design an FPT algorithm for CM-PM running in time 2O(
√
k)nO(1). Our424

algorithm will be a dynamic programming algorithm which processes the graph from left to425

right. That is to say, for each i = 1, 2, . . . , n, at stage i, we consider the graph Gi = G[Xi∪Yi],426

the graph induced by {x1, . . . , xi, y1, . . . , yi}, and solve a family of subproblems, the solution427

to one of which will lead to an optimal solution of the entire graph G. We will bound the428

number of sub-instances that we need to solve at each stage i, for i ∈ [n], by 2O(
√
k). To429

achieve the above, we will use the well known bound on partitions of an integer (and in,430

particular, partitions where all numbers are distinct). (For the integer 6, a partition of it is431

1 + 2 + 3.) We will rely on the fact that for a number t, we can compute all its partitions in432

time bounded by 2O(
√
t). The above bound will be crucial to achieve the running time of our433

algorithm.434

We first explain the intuition behind our algorithm. Suppose (G, k) is a yes-instance and435

let M be a perfect matching of G with cr(M) 6 k. Fix i ∈ [n]. Consider how M saturates436

the “future vertices,” i.e., vertices in Xi+1,n ∪ Yi+1,n. Consider a future vertex, say xj for437

some j > i. Using the fact that cr(M) 6 k, we will show that M cannot match xj to a438

vertex in Yi−k. Therefore, the only vertices in Xi ∪ Yi that can possibly be matched to439
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vertices in the future belong to Xi−k+1 ∪ Yi−k+1. In other words, while doing a dynamic440

programming from left to right, by the time we get to stage i, the intersection of the potential441

solution with Xi−k ∪ Yi−k is completely determined. This observation suggests the most442

obvious strategy: at stage i, “guess” how the solution matches (and saturates) the vertices443

in Xi−k+1,i ∪ Yi−k+1,i. But this strategy will only lead to an algorithm running in time444

kO(k)nO(1). Observe that since we are only interested in a matching with the least possible445

number of crossings, we need not look at all possible matchings in G[Xi−k+1,i ∪ Yi−k+1,i].446

We only need to look at which subsets of Xi−k+1,i and Yi−k+1,i are saturated by M . Thus,447

from each collection of matchings that saturate the same subset of Xi−k+1,i ∪ Yi−k+1,i, we448

remember the matching that incurs the least number of crossings. This observation can be449

used to obtain an algorithm running in time 2O(k)nO(1). To further improve this running450

time, we show that the number of subsets of Xi−k+1,i ∪ Yi−k+1,i that are not saturated by451

the intersection of any potential solution with Xi ∪ Yi cannot exceed 2O(
√
k). (This is where452

we will use the bound that the number of partitions of an integer t is bounded by 2O(
√
t).)453

This will lead us to an algorithm with the claimed running time for the problem.454

We start by giving some notations and preliminary results that will be helpful in designing455

our algorithm.456

Notations and Preliminary Results457

A matching M of G is said to saturate a vertex v ∈ V (G) if M contains an edge incident on458

v. Moreover, M is said to saturate a set of vertices V ′ ⊆ V (G) if M saturates every vertex459

in V ′. We let Sat(M) = {u, v | uv ∈ M}. That is, Sat(M) is the set of vertices saturated460

by M in G. The analysis of our algorithm requires an important result pertaining to the461

partitions of an integer. We introduce it below.462

Partitions of an integer. For a positive integer α, a partition of α refers to writing α as a463

sum of positive integers (greater than zero), where the order of the summands is immaterial.464

And each summand in such a sum is called a part of α. For example, take α = 16; then465

16 = 1 + 4 + 4 + 7 is a partition of 16. Note that here two of the parts (the two 4s) are the466

same. We, however, are interested in only those partitions of α in which the parts are all467

distinct. Let us call such partitions distinct-part partitions. As the numbers appearing in a468

distinct-part partitions of a number are all distinct, we can use the set notation instead. For469

example, {1, 2, 6, 7} is a distinct-part partition of 16. We use letters P, P1, P2 etc. to denote a470

partition (in set form) of a number.471

I Lemma 2 ([28]). There exists a constant c > 0 such that the number of partitions,472

and hence the number of distinct-part partitions of any positive integer k, is at most 2c
√
k.473

Moreover, given any positive integer k as input, we can generate all partitions, and hence all474

distinct-part partitions, of all integers α, where α 6 k, in time 2O(
√
k).475

Some important sets for the algorithm. For i ∈ [n], we let X̂i = {xi−k+` | ` ∈ [k] and i−476

k + ` > 1} and Ŷi = {yi−k+` | ` ∈ [k] and i− k + ` > 1}. We will argue that in any perfect477

matching M in G with cr(M) 6 k, the vertices from Xi which are matched to a vertex ys,478

with s > i+ 1, belong to the set X̂i. Similarly, we can argue that Ŷi is the set of vertices479

from Yi which can possibly be matched to vertices xs, with s > i+ 1.480

We will now associate costs to vertices (and subsets) of X̂i (resp. Ŷi), which will be helpful486

in obtaining lower bounds on the number of crossings, when vertices from X̂i (resp. Ŷi) are487

matched to vertices ys (resp. xs), where s > i+ 1. To this end, consider i ∈ [n] and a vertex488
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(a) The dashed rectangles
show Ŷ3 and X̂8, when k = 4.
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134

Q⊆X̂8

(b) k = 4. Q = {x5, x6, x8} ⊆ X̂8.
The number below each xj ∈ Q shows
cst8(xj). CstSet8(Q) = {4, 3, 1} and
cst8(Q) = 8.

481

482

483

484

Figure 6 An example of X̂i, Ŷi, Q ⊆ X̂i, CstSeti(Q) and csti(Q).485

xr ∈ X̂i. We let csti(xr) = i+ 1− r. Since xr ∈ X̂i, we have r 6 i, and thus, csti(xr) > 1.489

For a subset Q ⊆ X̂i, we let CstSeti(Q) = {csti(x) | x ∈ Q} and csti(Q) =
∑
x∈Q csti(x).490

Similarly, for i ∈ [n] and a vertex yr ∈ Ŷi, we let csti(yr) = i + 1 − r > 1. Moreover,491

for a subset Q ⊆ Ŷi, we let CstSeti(Q) = {csti(y) | y ∈ Q} and csti(Q) =
∑
y∈Q csti(y).492

We note that, for each i ∈ [n], we have csti(∅) = 0. In order to understand the intuition493

behind these definitions, look at the ith stage in our dynamic programming algorithm. At494

stage i, we consider the graph G[Xi ∪ Yi]. Consider the vertices in X̂i that are matched495

to vertices in the future (i.e., vertices ys where s > i). Note that if xi gets matched to496

a future vertex, then xi participates in at least one crossing (in the final solution), and497

if xi−1 gets matched to a future vertex, then xi−1 participates in at least two crossings498

and so on. In particular, xr ∈ X̂i, if matched to a future vertex participates in at least499

i + 1 − r crossings. So, csti(xr) is a lower bound on the number of crossings in which xr500

participates (or cost incurred by xr) if it gets matched to a future vertex. For a set Q ⊆ X̂i,501

CstSeti(Q) is the set of minimum costs incurred by each element of Q. Moreover, csti(Q)502

is the cost incurred by Q if all its elements get matched to future vertices. Now using the503

notion of distinct-part partitions of an integer, we introduce some “special” sets of subsets504

of X and Y , respectively. These sets will be crucially used while creating the sub-instances505

in our dynamic programming algorithm. For α ∈ [k], let Pα be the set of all distinct-part506

partitions of α. Furthermore, let P6k = ∪α∈[k] Pα. From Lemma 2, we have |P6k| = 2O(
√
k).507

Consider i ∈ [n], α ∈ [k], and P ∈ P6α. We let SiX(P) = {xi+1−β | β ∈ P and i+ 1− β > 1}.508

(For example, for P = {1, 2, 6, 7, 8} and i = 6, we have SiX(P) = {x6, x5, x1}.) Note that509

SiX(P) ⊆ X̂i, CstSeti(SiX(P)) = P, and csti(SiX(P)) = α, where P is a partition of α ∈ [k].510

Similarly, we define SiY (P) = {yi+1−β | β ∈ P and i + 1 − β > 1} ⊆ Ŷi. Again, note that511

CstSeti(SiX(P)) = P and csti(SiX(P)) = α.512

We let SiX = {SiX(P) | P ∈ P6k} ∪ {∅} ⊆ 2
X̂i and SiY = {SiY (P) | P ∈ P6k} ∪ {∅} ⊆ 2

Ŷi .513

Here we add the empty set to the collections to simplify some of our arguments in the later514

parts of the section.515

From Lemma 2, we obtain the following result.516

I Lemma 3. The families SiX and SiY contain at most |P6k| + 1 = 2O(
√
k) sets each.517

Moreover, for each i ∈ [n], the families SiX and SiY can be generated in 2O(
√
k) time.518

We will now associate a set of integers to every pair (S, S′) ∈ SiX × SiY , for each i ∈ [n].519

Intuitively speaking, these sets will give the “allowed” number of crossings for a matching in520

the graph Gi. Consider i ∈ [n], S ∈ SiX , and S′ ∈ SiY . We let Alwi(S, S′) = {` ∈ [k]0 | ` 6521
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k −max{csti(S), csti(S′)}}.522

In what follows, we make a few observations regarding the sets we defined. These523

observations will be useful in establishing the correctness of our algorithm.524

I Observation 4. Consider i ∈ [n] \ {1}. For S ∈ SiX and Q ⊆ S \ {xi}, we have Q ∈ Si−1
X .525

Similarly, for S′ ∈ SiY and Q′ ⊆ S′ \ {yi}, we have Q′ ∈ Si−1
Y .526

Proof. We will only prove the first statement. (The second statement can be proved by527

identical arguments.) Note that if Q = ∅, then by definition, we have Q ∈ Si−1
X . Otherwise,528

Q ⊆ X̂i−1 and Q 6= ∅. Let I = CstSeti(S). Note that |I| = |S| > 0. As S 6= ∅ and S ∈ SiX ,529

there is an integer α ∈ [k] and P ∈ Pα, such that S = SiX(P). Notice that I = P. Let530

I ′ = CstSeti(Q). Note that ∅ ⊂ I ′ ⊆ I. Thus, there is an integer 1 6 α′ 6 α, and a partition531

P′ ∈ Pα, such that I ′ = P′. As xi = xi+1−1 and xi /∈ Q, we have 1 /∈ I ′. That is, for each532

β ∈ I ′, we have 2 6 β 6 α′. Let I ′ = {β1, β2, . . . , β`}, where ` = |I ′|. Furthermore, let533

Î = {β1 − 1, β2 − 1, . . . , β` − 1}. Note that for β̂ ∈ Î, we have 1 6 β̂ 6 α′ − 1 6 k. Thus,534

Î ∈ P6k. From the above we have that Q = Si−1
X (Î) = SiX(I ′). Thus, we can conclude that535

Q ∈ Si−1
X . J536

I Observation 5. Consider i ∈ [n]\{1}. For S ∈ SiX and Q ⊆ S\{xi}, we have csti−1(Q) 6537

csti(S)−|S|. Similarly, for S′ ∈ SiY and Q′ ⊆ S′ \ {xi}, we have csti−1(Q′) 6 csti(S′)−|S′|.538

Proof. We will prove the first statement. The proof of the second statement is symmetric.539

Note that for each x ∈ S, we have csti(x) > 1. From Observation 4, we have Q ∈540

Si−1
X , and thus, Q ⊆ X̂i−1. For a vertex xj ∈ X̂i−1 ∩ X̂i, csti(xj) = i + 1 − j and541

csti−1(xj) = i− j. That is, csti−1(xj) = csti(xj)− 1. Thus, csti−1(Q) =
∑
xj∈Q csti−1(xj) =542 ∑

xj∈Q(csti(xj) − 1) =
∑
xj∈Q csti(xj) − |Q| =

∑
xj∈S csti(xj) −

∑
xj∈S\Q csti(xj) − |Q|.543

Hence, csti−1(Q) 6 csti(S)− |S|. J544

I Observation 6. Consider i ∈ [n] and Q ⊆ X̂i. If csti(Q) 6 k, then Q ∈ SiX .545

Proof. If Q = ∅, the by definition, we have Q ∈ SiX . Thus, we assume that Q 6= ∅. Recall546

that csti(Q) =
∑
x∈Q csti(x) 6 k and csti(xj) = i+ 1− j > 1. Note that csti(x) 6= csti(x′)547

for distinct vertices x, x′ ∈ Q. Hence, CstSeti(Q) is a distinct-part partition of an integer α,548

where α ∈ [k]. Therefore, by the definition of SiX , Q ∈ SiX . J549

Next, we prove a few observations regarding matchings in Gi. To this end, we first define550

the notion of a “compatible matching.” Consider i ∈ [n], S ∈ SiX , and S′ ∈ SiY . We say551

that a matching M in Gi is (i, S, S′)-compatible if S = X̂i \ Sat(M), S′ = Ŷi \ Sat(M), and552

cr(M) 6 k−max{csti(S), csti(S′)}. Compatible matchings will be helpful in establishing the553

correctness of our algorithm, in which we will be considering matchings of Gi that saturate554

exactly (Xi ∪ Yi) \ (S ∪ S′), while incurring at most a certain allowed number of crossings.555

Suppose at the ith stage of our algorithm, we consider a matching, say Mi, of Gi that does556

not saturate S. We would like to extend Mi to a matching of G with at most k crossings.557

That is, at stage i, Mi matches S to future vertices. Therefore, while extending Mi to a558

matching of the entire graph G, we will incur at least csti(S) more crossings (in addition559

to cr(Mi)). Therefore, in order to be able to extend Mi to matching of G with at most k560

crossings, cr(Mi) cannot exceed k − csti(S). (Note that this is only a necessary condition561

for extending Mi.) Identical reasoning holds for the set S′. This is the intuition behind562

compatible matchings.563

I Observation 7. Consider i ∈ [n] \ {1}, S ∈ SiX , and S′ ∈ SiY . Let M be an (i, S, S′)-564

compatible matching in Gi. Then, the following holds.565
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1. If yixj ∈M , where j < i, then xj ∈ X̂i−1.566

2. Similarly, if xiyj ∈M , where j < i, then yj ∈ Ŷi−1.567

Proof. We only prove the first statement, as the proof of the second statement is sym-568

metric. Note first that since M is an (i, S, S′)-compatible matching, we have cr(M) 6569

k −max{csti(S), csti(S′)}. In particular, cr(M) 6 k − csti(S).570

Towards a contradiction, we assume that xj /∈ X̂i−1, i.e. j 6 i− k − 1 (recall that j < i).571

Now, consider the set X̂i−1 ∪ {xi}. Note that |X̂i−1 ∪ {xi}| = k + 1. Of the k + 1 vertices of572

X̂i−1 ∪ {xi}, all but |S| many are saturated by M , as S = X̂i \ Sat(M). That is, for each573

vertex xr ∈ (X̂i−1 ∪ {xi}) \ S, M matches xr to some ys, where s < i. This means that M574

contains (k + 1)− |S| edges of the form xrys, where i− k 6 r 6 i and s < i. Each of these575

(k + 1)− |S| edges crosses the edge yixj . Thus, cr(M) > (k + 1)− |S| > (k + 1)− csti(S)576

(as csti(S) > |S|), which contradicts the fact that cr(M) 6 k − csti(S). J577

I Observation 8. Consider i ∈ [n] \ {1}, S ∈ SiX , and S′ ∈ SiY . Let M be an (i, S, S′)-578

compatible matching in Gi. If xjyi ∈M , then xjyi crosses exactly |Xj+1,i \ S| edges in M .579

Similarly, if xiyj′ ∈M , then xiyj′ crosses exactly |Yj′+1,i \ S′| edges in M .580

Proof. We will prove the fist statement. The proof of the second statement is symmetric.581

Note that since M saturates all vertices of Xi \ S, every vertex xr ∈ Xj+1,i \ S is matched582

to some vertex ys ∈ Yi−1. Each such edge xrys ∈M crosses the edge xjyi. Also, note that583

no other edge in M crosses xjyi. Thus, xjyi crosses exactly |Xj+1,i \ S| edges in M . J584

I Observation 9. Consider i ∈ [n] \ {1}, S ∈ SiX , and S′ ∈ SiY . Let M be an (i, S, S′)-585

compatible matching in Gi. Then, the following holds.586

1. If yixj ∈M , where j < i, then (S \ {xi}) ∪ {xj} ∈ Si−1
X .587

2. Similarly, if xiyj ∈M , where j < i, then (S′ \ {yi}) ∪ {yj} ∈ Si−1
Y .588

Proof. Let Qj = (S \{xi})∪{xj}. From Observation 7, we have xj ∈ X̂i−1, i.e. i−k 6 j < i.589

Thus, Qj ⊆ X̂i−1. Consider the case when Qj\{xj} = ∅. Notice that csti−1({xj}) = i−j 6 k.590

Thus, from Observation 6, we can conclude that Qj = {xj} ∈ Si−1
X . Now consider the case591

when Qj \ {xj} 6= ∅, and let Q′ = Qj \ {xj}. We first show that csti−1(Qj) 6 k. From592

Observation 5, we have csti−1(Q′) 6 csti(S)− |S| 6 k − |S|. As M is (i, S, S′)-compatible593

we have cr(M) 6 k − csti(S). Furthermore, as yixj ∈M , where j < i, from Observation 8,594

we have |Xj+1,i \ S| 6 cr(M). Thus, we obtain that csti(S) + |Xj+1,i \ S| 6 k. Note that595

csti−1(Qj) = csti−1(Q′) + csti−1(xj) 6 csti(S) − |S| + i − j = csti(S) + (|Xj+1,i| − |S|) 6596

csti(S) + |Xj+1,i \ S|. As csti(S) + |Xj+1,i \ S| 6 k, we obtain that csti−1(Qj) 6 k. The597

above statement together with Observation 6 implies that Qj ∈ Si−1
X . J598

Dynamic Programming Algorithm for CM-PM599

We are now ready to define the states of our dynamic programming table. For each i ∈ [n],600

S ∈ SiX and S′ ∈ SiY with |S| = |S′|, and an integer ` ∈ Alwi(S, S′) = {` ∈ [k]0 | ` 6601

k −max{csti(S), csti(S′)}}, we define602

T [i, S, S′, `] =





1, if there is a matching M in Gi, such that cr(M) = ` and
Sat(M) = (Xi \ S) ∪ (Yi \ S′),

0, otherwise.
603
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Observe that (G, k) is a yes-instance of CM-PM if and only if there is ` ∈ [k]0, such604

that T [n, ∅, ∅, `] = 1. A matching M in Gi is said to realize T [i, S, S′, `], if cr(M) = ` and605

M is (i, S, S′)-compatible. In the above we note that ` 6 k − max{csti(S), csti(S′)}, as606

` ∈ Alwi(S, S′). Let us now see how T [i, S, S′, `] can be computed.607

Base Case: We are at our base case when i = 1. Consider the entry T [1, S, S′, `]. Note608

that G1 has cr(G1) = 0. Thus, if ` > 0, we have T [1, S, S′, `] = 0. Now we consider the case609

when ` = 0. Recall that by definition, we have |S| = |S′|. If S = {x1} and S′ = {y1}, then610

we should not match any vertex. Thus, we have a matching (which is the empty set) with 0611

crossings, and thus, T [1, S, S′, `] = 1. Otherwise, we have S = S′ = ∅. Note that the only612

possible matching in the graph G[{x1, y1}] is {x1y1}. So, if x1y1 ∈ E(G), then {x1y1} is a613

matching with 0 crossings, and hence T [1, S, S′, `] = 0. Otherwise, we have x1y1 /∈ E(G),614

and hence T [1, S, S′, `] = 0.615

We now move to our recursive formulae for the computation of the entries of our DP616

table. We set the value of T [i, S, S′, `] (recursively) based on the following cases, where i > 1.617

Case 1: xi ∈ S and yi ∈ S′. From Observation 4, we have that S \ {xi} ∈ Si−1
X and618

S′ \ {yi} ∈ Si−1
Y . Also, from Observation 5 it follows that ` ∈ Alwi−1(S \ {xi} , S′ \ {yi}).619

We set T [i, S, S′, `] = T [i− 1, S \ {xi} , S′ \ {yi} , `]. In the following lemma, we prove the620

correctness of computation for Case 1.621

I Lemma 10. The computation of T [i, S, S′] at Case 1 is correct.622

Proof. To establish the proof, we will show that T [i, S, S′, `] = 1 if and only if T [i− 1, S \623

{xi} , S′ \ {yi} , `] = 1. For the proof of one direction, assume that T [i, S, S′, `] = 1. Let624

M be a matching in Gi that realizes T [i, S, S′, `]. Note that Sat(M) = (Xi \ S) ∪ (Yi \ S′).625

As xi ∈ S and yi ∈ S′, we have xi, yi /∈ Sat(M). Thus, M is also a matching in Gi−i,626

with Sat(M) = Xi−1 \ (S \ {xi}) ∪ Yi−1 \ (S′ \ {yi}) and cr(M) = `. Thus, M realizes627

T [i− 1, S \ {xi} , S′ \ {yi} , `].628

For the other direction, assume that T [i − 1, S \ {xi} , S′ \ {yi} , `] = 1. Consider a629

matching M in Gi−1 that realizes T [i− 1, S \ {xi} , S′ \ {yi}]. Note that M is a matching in630

Gi with Sat(M) = (Xi \ S) ∪ (Yi \ S′) and cr(M) = `. Thus, M realizes T [i, S, S′, `], and631

hence T [i, S, S′, `] = 1. J632

Case 2: xi ∈ S and yi /∈ S′, or xi /∈ S and yi ∈ S′. We will only argue for the case when633

xi ∈ S and yi /∈ S′. (The other case can be handled symmetrically.) Thus, hereafter we634

assume that xi ∈ S and yi /∈ S′. In this case, a matching, say M , which realizes T [i, S, S′, `],635

must saturate the vertex yi and must not saturate the vertex xi. Thus, M must have an edge636

xjyi, where j < i (here we rely on the fact that yi cannot be matched to xi, as xi ∈ S). As637

M must satisfy the constraint cr(M) = ` 6 k, we must have i− k 6 j < i (see Lemma 18).638

That is, the vertex to which yi is matched, must belong to the set X̂i−1. We will construct639

a set Q ⊆ Si−1
X ⊆ 2

X̂i−1 . This set will be used for creating sub-instances whose values640

are needed for the computation of T [i, S, S′, `]. Intuitively speaking, each sets in Q will641

determine a vertex to which yi is matched, in the matching that we are seeking for. Note642

that as yi must be saturated by any matching that realizes (or complies) with T [i, S, S′, `],643

the edge, say x̂yi in the matching might intersect other edges of the matching. Therefore, we644

will have to account for this extra overhead in the number of crossing edges. To count these645

extra crossings incurred, we will define an “overhead” function.646
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23:18 Connecting the Dots (with Minimum Crossings)

Xi
<latexit sha1_base64="wRyDKZy5r8PgKSGOTg7Z0jpTwXY=">AAACHHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHisYD+gXUo2nbahyWZJZoWy9Dd41Yu/xpt4Ffw3ZmsPtn0Q5mXmDY95USKFRd//oRubW9s7u4W94v7B4dFxqXzSsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjib3+bz9DMYKHT/hNIFQsVEshoIzdK1mp5+JWb9U8Wv+HN46CRakQhZo9MuU9gaapwpi5JJZ2w38BMOMGRRcwqzYSy0kjE/YCLopDu/CTMRJihDzlZmFmCmwYTa/ZOZduM7AG2rjXozevPt/I2PK5hNbdQTHKi+K4Tivdqqiav5BraVdMsqiSC075zrLTZhB6opIcFbMvYep9FB7eVLeQBjgKKeOMCdxp3l8zAzj6PIsutCC1YjWSeu6Fvi14PGmUr9cxFcgZ+ScXJGA3JI6eSAN0iScCPJCXskbfacf9JN+/Uk36GLnlCyBfv8CAsCiMA==</latexit><latexit sha1_base64="wRyDKZy5r8PgKSGOTg7Z0jpTwXY=">AAACHHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHisYD+gXUo2nbahyWZJZoWy9Dd41Yu/xpt4Ffw3ZmsPtn0Q5mXmDY95USKFRd//oRubW9s7u4W94v7B4dFxqXzSsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjib3+bz9DMYKHT/hNIFQsVEshoIzdK1mp5+JWb9U8Wv+HN46CRakQhZo9MuU9gaapwpi5JJZ2w38BMOMGRRcwqzYSy0kjE/YCLopDu/CTMRJihDzlZmFmCmwYTa/ZOZduM7AG2rjXozevPt/I2PK5hNbdQTHKi+K4Tivdqqiav5BraVdMsqiSC075zrLTZhB6opIcFbMvYep9FB7eVLeQBjgKKeOMCdxp3l8zAzj6PIsutCC1YjWSeu6Fvi14PGmUr9cxFcgZ+ScXJGA3JI6eSAN0iScCPJCXskbfacf9JN+/Uk36GLnlCyBfv8CAsCiMA==</latexit><latexit sha1_base64="wRyDKZy5r8PgKSGOTg7Z0jpTwXY=">AAACHHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHisYD+gXUo2nbahyWZJZoWy9Dd41Yu/xpt4Ffw3ZmsPtn0Q5mXmDY95USKFRd//oRubW9s7u4W94v7B4dFxqXzSsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjib3+bz9DMYKHT/hNIFQsVEshoIzdK1mp5+JWb9U8Wv+HN46CRakQhZo9MuU9gaapwpi5JJZ2w38BMOMGRRcwqzYSy0kjE/YCLopDu/CTMRJihDzlZmFmCmwYTa/ZOZduM7AG2rjXozevPt/I2PK5hNbdQTHKi+K4Tivdqqiav5BraVdMsqiSC075zrLTZhB6opIcFbMvYep9FB7eVLeQBjgKKeOMCdxp3l8zAzj6PIsutCC1YjWSeu6Fvi14PGmUr9cxFcgZ+ScXJGA3JI6eSAN0iScCPJCXskbfacf9JN+/Uk36GLnlCyBfv8CAsCiMA==</latexit><latexit sha1_base64="wRyDKZy5r8PgKSGOTg7Z0jpTwXY=">AAACHHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHisYD+gXUo2nbahyWZJZoWy9Dd41Yu/xpt4Ffw3ZmsPtn0Q5mXmDY95USKFRd//oRubW9s7u4W94v7B4dFxqXzSsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjib3+bz9DMYKHT/hNIFQsVEshoIzdK1mp5+JWb9U8Wv+HN46CRakQhZo9MuU9gaapwpi5JJZ2w38BMOMGRRcwqzYSy0kjE/YCLopDu/CTMRJihDzlZmFmCmwYTa/ZOZduM7AG2rjXozevPt/I2PK5hNbdQTHKi+K4Tivdqqiav5BraVdMsqiSC075zrLTZhB6opIcFbMvYep9FB7eVLeQBjgKKeOMCdxp3l8zAzj6PIsutCC1YjWSeu6Fvi14PGmUr9cxFcgZ+ScXJGA3JI6eSAN0iScCPJCXskbfacf9JN+/Uk36GLnlCyBfv8CAsCiMA==</latexit>

Xi�1
<latexit sha1_base64="m0pLpwDAEqnCZrrj+GHAuoWJwzA=">AAACHnicZVBNSwMxEE38rPWr1aOXxaJ40LIrgh4LXjxWsB/QLiWbTtvQZLMks0JZ+iO86sVf40286r8xW3uw7YMwLzNveMyLEiks+v4PXVvf2NzaLuwUd/f2Dw5L5aOm1anh0OBaatOOmAUpYmigQAntxABTkYRWNL7P561nMFbo+AknCYSKDWMxEJyha7XavUxcBdNeqeJX/Rm8VRLMSYXMUe+VKe32NU8VxMgls7YT+AmGGTMouIRpsZtaSBgfsyF0UhzchZmIkxQh5kszCzFTYMNsdsvUO3OdvjfQxr0YvVn3/0bGlM0n9tIRHKm8KIajvNqJii7zD2ot7YJRFkVq0TnXWW7CDFJXRILTYu49SKWH2suz8vrCAEc5cYQ5iTvN4yNmGEeXaNGFFixHtEqa19XArwaPN5Xa+Ty+Ajkhp+SCBOSW1MgDqZMG4WRMXsgreaPv9IN+0q8/6Rqd7xyTBdDvX/DToqI=</latexit><latexit sha1_base64="m0pLpwDAEqnCZrrj+GHAuoWJwzA=">AAACHnicZVBNSwMxEE38rPWr1aOXxaJ40LIrgh4LXjxWsB/QLiWbTtvQZLMks0JZ+iO86sVf40286r8xW3uw7YMwLzNveMyLEiks+v4PXVvf2NzaLuwUd/f2Dw5L5aOm1anh0OBaatOOmAUpYmigQAntxABTkYRWNL7P561nMFbo+AknCYSKDWMxEJyha7XavUxcBdNeqeJX/Rm8VRLMSYXMUe+VKe32NU8VxMgls7YT+AmGGTMouIRpsZtaSBgfsyF0UhzchZmIkxQh5kszCzFTYMNsdsvUO3OdvjfQxr0YvVn3/0bGlM0n9tIRHKm8KIajvNqJii7zD2ot7YJRFkVq0TnXWW7CDFJXRILTYu49SKWH2suz8vrCAEc5cYQ5iTvN4yNmGEeXaNGFFixHtEqa19XArwaPN5Xa+Ty+Ajkhp+SCBOSW1MgDqZMG4WRMXsgreaPv9IN+0q8/6Rqd7xyTBdDvX/DToqI=</latexit><latexit sha1_base64="m0pLpwDAEqnCZrrj+GHAuoWJwzA=">AAACHnicZVBNSwMxEE38rPWr1aOXxaJ40LIrgh4LXjxWsB/QLiWbTtvQZLMks0JZ+iO86sVf40286r8xW3uw7YMwLzNveMyLEiks+v4PXVvf2NzaLuwUd/f2Dw5L5aOm1anh0OBaatOOmAUpYmigQAntxABTkYRWNL7P561nMFbo+AknCYSKDWMxEJyha7XavUxcBdNeqeJX/Rm8VRLMSYXMUe+VKe32NU8VxMgls7YT+AmGGTMouIRpsZtaSBgfsyF0UhzchZmIkxQh5kszCzFTYMNsdsvUO3OdvjfQxr0YvVn3/0bGlM0n9tIRHKm8KIajvNqJii7zD2ot7YJRFkVq0TnXWW7CDFJXRILTYu49SKWH2suz8vrCAEc5cYQ5iTvN4yNmGEeXaNGFFixHtEqa19XArwaPN5Xa+Ty+Ajkhp+SCBOSW1MgDqZMG4WRMXsgreaPv9IN+0q8/6Rqd7xyTBdDvX/DToqI=</latexit><latexit sha1_base64="m0pLpwDAEqnCZrrj+GHAuoWJwzA=">AAACHnicZVBNSwMxEE38rPWr1aOXxaJ40LIrgh4LXjxWsB/QLiWbTtvQZLMks0JZ+iO86sVf40286r8xW3uw7YMwLzNveMyLEiks+v4PXVvf2NzaLuwUd/f2Dw5L5aOm1anh0OBaatOOmAUpYmigQAntxABTkYRWNL7P561nMFbo+AknCYSKDWMxEJyha7XavUxcBdNeqeJX/Rm8VRLMSYXMUe+VKe32NU8VxMgls7YT+AmGGTMouIRpsZtaSBgfsyF0UhzchZmIkxQh5kszCzFTYMNsdsvUO3OdvjfQxr0YvVn3/0bGlM0n9tIRHKm8KIajvNqJii7zD2ot7YJRFkVq0TnXWW7CDFJXRILTYu49SKWH2suz8vrCAEc5cYQ5iTvN4yNmGEeXaNGFFixHtEqa19XArwaPN5Xa+Ty+Ajkhp+SCBOSW1MgDqZMG4WRMXsgreaPv9IN+0q8/6Rqd7xyTBdDvX/DToqI=</latexit>

Xn
<latexit sha1_base64="vig0Lgd3pCN9vNkUoIKfRLWyTJQ=">AAACGnicZVA9SwNBEN2N3/FbS5vDoFiEcCeCloKNZUQTA8kR9jaTZMl+HLtzQjjyE2y18dfYia2N/8a9mMKYB8u8nXnDY16SSuEwDL9paWl5ZXVtfaO8ubW9s7u3f9B0JrMcGtxIY1sJcyCFhgYKlNBKLTCVSHhMRjfF/PEJrBNGP+A4hVixgRZ9wRn61n2rq7t7lbAWThEskmhGKmSGenef0k7P8EyBRi6Zc+0oTDHOmUXBJUzKncxByviIDaCdYf8qzoVOMwTN/80caKbAxfn0jklw4ju9oG+sfxqDaffvRs6UKyau6gkOVVEUw2FR3Vgl1eKDxkg3Z5QniZp3LnSO2ziHzBeR4qRcePczGaAJipyCnrDAUY49YV7iTwv4kFnG0adZ9qFF/yNaJM3zWhTWoruLyvXpLL51ckSOyRmJyCW5JrekThqEkwF5Ji/klb7Rd/pBP3+lJTrbOSRzoF8/F8ehKQ==</latexit><latexit sha1_base64="vig0Lgd3pCN9vNkUoIKfRLWyTJQ=">AAACGnicZVA9SwNBEN2N3/FbS5vDoFiEcCeCloKNZUQTA8kR9jaTZMl+HLtzQjjyE2y18dfYia2N/8a9mMKYB8u8nXnDY16SSuEwDL9paWl5ZXVtfaO8ubW9s7u3f9B0JrMcGtxIY1sJcyCFhgYKlNBKLTCVSHhMRjfF/PEJrBNGP+A4hVixgRZ9wRn61n2rq7t7lbAWThEskmhGKmSGenef0k7P8EyBRi6Zc+0oTDHOmUXBJUzKncxByviIDaCdYf8qzoVOMwTN/80caKbAxfn0jklw4ju9oG+sfxqDaffvRs6UKyau6gkOVVEUw2FR3Vgl1eKDxkg3Z5QniZp3LnSO2ziHzBeR4qRcePczGaAJipyCnrDAUY49YV7iTwv4kFnG0adZ9qFF/yNaJM3zWhTWoruLyvXpLL51ckSOyRmJyCW5JrekThqEkwF5Ji/klb7Rd/pBP3+lJTrbOSRzoF8/F8ehKQ==</latexit><latexit sha1_base64="vig0Lgd3pCN9vNkUoIKfRLWyTJQ=">AAACGnicZVA9SwNBEN2N3/FbS5vDoFiEcCeCloKNZUQTA8kR9jaTZMl+HLtzQjjyE2y18dfYia2N/8a9mMKYB8u8nXnDY16SSuEwDL9paWl5ZXVtfaO8ubW9s7u3f9B0JrMcGtxIY1sJcyCFhgYKlNBKLTCVSHhMRjfF/PEJrBNGP+A4hVixgRZ9wRn61n2rq7t7lbAWThEskmhGKmSGenef0k7P8EyBRi6Zc+0oTDHOmUXBJUzKncxByviIDaCdYf8qzoVOMwTN/80caKbAxfn0jklw4ju9oG+sfxqDaffvRs6UKyau6gkOVVEUw2FR3Vgl1eKDxkg3Z5QniZp3LnSO2ziHzBeR4qRcePczGaAJipyCnrDAUY49YV7iTwv4kFnG0adZ9qFF/yNaJM3zWhTWoruLyvXpLL51ckSOyRmJyCW5JrekThqEkwF5Ji/klb7Rd/pBP3+lJTrbOSRzoF8/F8ehKQ==</latexit><latexit sha1_base64="vig0Lgd3pCN9vNkUoIKfRLWyTJQ=">AAACGnicZVA9SwNBEN2N3/FbS5vDoFiEcCeCloKNZUQTA8kR9jaTZMl+HLtzQjjyE2y18dfYia2N/8a9mMKYB8u8nXnDY16SSuEwDL9paWl5ZXVtfaO8ubW9s7u3f9B0JrMcGtxIY1sJcyCFhgYKlNBKLTCVSHhMRjfF/PEJrBNGP+A4hVixgRZ9wRn61n2rq7t7lbAWThEskmhGKmSGenef0k7P8EyBRi6Zc+0oTDHOmUXBJUzKncxByviIDaCdYf8qzoVOMwTN/80caKbAxfn0jklw4ju9oG+sfxqDaffvRs6UKyau6gkOVVEUw2FR3Vgl1eKDxkg3Z5QniZp3LnSO2ziHzBeR4qRcePczGaAJipyCnrDAUY49YV7iTwv4kFnG0adZ9qFF/yNaJM3zWhTWoruLyvXpLL51ckSOyRmJyCW5JrekThqEkwF5Ji/klb7Rd/pBP3+lJTrbOSRzoF8/F8ehKQ==</latexit>

Yn
<latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit>

Yi�1
<latexit sha1_base64="7L/69ueVCvgfDluAHMNFRh9Rphg=">AAACHnicZVBNSwMxEE38rOtX1aOXxaJ40LIrgh4FLx4rWKvYpWTTWRuabJZkVijL/givevHXeBOv+m/M1h5sfRDmZeYNj3lxJoXFIPimc/MLi0vLtRVvdW19Y7O+tX1rdW44tLmW2tzFzIIUKbRRoIS7zABTsYROPLys5p0nMFbo9AZHGUSKPaYiEZyha3Xue4U4DstevRE0gzH8/ySckAaZoNXborTb1zxXkCKXzNqHMMgwKphBwSWUXje3kDE+ZI/wkGNyHhUizXKElM/MLKRMgY2K8S2lv+86fT/Rxr0U/XH370bBlK0m9sgRHKiqKIaDqtqRio+qD2ot7ZRREcdq2rnSWW6iAnJXRIalV3knufRR+1VWfl8Y4ChHjjAncaf5fMAM4+gS9Vxo4WxE/8ntSTMMmuH1aePiYBJfjeySPXJIQnJGLsgVaZE24WRInskLeaVv9J1+0M9f6Ryd7OyQKdCvH/KNoqM=</latexit><latexit sha1_base64="7L/69ueVCvgfDluAHMNFRh9Rphg=">AAACHnicZVBNSwMxEE38rOtX1aOXxaJ40LIrgh4FLx4rWKvYpWTTWRuabJZkVijL/givevHXeBOv+m/M1h5sfRDmZeYNj3lxJoXFIPimc/MLi0vLtRVvdW19Y7O+tX1rdW44tLmW2tzFzIIUKbRRoIS7zABTsYROPLys5p0nMFbo9AZHGUSKPaYiEZyha3Xue4U4DstevRE0gzH8/ySckAaZoNXborTb1zxXkCKXzNqHMMgwKphBwSWUXje3kDE+ZI/wkGNyHhUizXKElM/MLKRMgY2K8S2lv+86fT/Rxr0U/XH370bBlK0m9sgRHKiqKIaDqtqRio+qD2ot7ZRREcdq2rnSWW6iAnJXRIalV3knufRR+1VWfl8Y4ChHjjAncaf5fMAM4+gS9Vxo4WxE/8ntSTMMmuH1aePiYBJfjeySPXJIQnJGLsgVaZE24WRInskLeaVv9J1+0M9f6Ryd7OyQKdCvH/KNoqM=</latexit><latexit sha1_base64="7L/69ueVCvgfDluAHMNFRh9Rphg=">AAACHnicZVBNSwMxEE38rOtX1aOXxaJ40LIrgh4FLx4rWKvYpWTTWRuabJZkVijL/givevHXeBOv+m/M1h5sfRDmZeYNj3lxJoXFIPimc/MLi0vLtRVvdW19Y7O+tX1rdW44tLmW2tzFzIIUKbRRoIS7zABTsYROPLys5p0nMFbo9AZHGUSKPaYiEZyha3Xue4U4DstevRE0gzH8/ySckAaZoNXborTb1zxXkCKXzNqHMMgwKphBwSWUXje3kDE+ZI/wkGNyHhUizXKElM/MLKRMgY2K8S2lv+86fT/Rxr0U/XH370bBlK0m9sgRHKiqKIaDqtqRio+qD2ot7ZRREcdq2rnSWW6iAnJXRIalV3knufRR+1VWfl8Y4ChHjjAncaf5fMAM4+gS9Vxo4WxE/8ntSTMMmuH1aePiYBJfjeySPXJIQnJGLsgVaZE24WRInskLeaVv9J1+0M9f6Ryd7OyQKdCvH/KNoqM=</latexit><latexit sha1_base64="7L/69ueVCvgfDluAHMNFRh9Rphg=">AAACHnicZVBNSwMxEE38rOtX1aOXxaJ40LIrgh4FLx4rWKvYpWTTWRuabJZkVijL/givevHXeBOv+m/M1h5sfRDmZeYNj3lxJoXFIPimc/MLi0vLtRVvdW19Y7O+tX1rdW44tLmW2tzFzIIUKbRRoIS7zABTsYROPLys5p0nMFbo9AZHGUSKPaYiEZyha3Xue4U4DstevRE0gzH8/ySckAaZoNXborTb1zxXkCKXzNqHMMgwKphBwSWUXje3kDE+ZI/wkGNyHhUizXKElM/MLKRMgY2K8S2lv+86fT/Rxr0U/XH370bBlK0m9sgRHKiqKIaDqtqRio+qD2ot7ZRREcdq2rnSWW6iAnJXRIalV3knufRR+1VWfl8Y4ChHjjAncaf5fMAM4+gS9Vxo4WxE/8ntSTMMmuH1aePiYBJfjeySPXJIQnJGLsgVaZE24WRInskLeaVv9J1+0M9f6Ryd7OyQKdCvH/KNoqM=</latexit>

Yi
<latexit sha1_base64="RT6MIM4U9bfSZY5hpgrdB6+B17o=">AAACHHicZVBNSwMxEE3qd/2qevSyWBQPpeyKoMeCF48Krq20S8mm0zY02SzJrFCW/gavevHXeBOvgv/GbO3Btg/CvMy84TEvTqWw6Ps/tLSyura+sblV3t7Z3duvHBw+Wp0ZDiHXUptWzCxIkUCIAiW0UgNMxRKa8eimmDefwVihkwccpxApNkhEX3CGrhU+dXMx6Vaqft2fwlsmwYxUyQx33QNKOz3NMwUJcsmsbQd+ilHODAouYVLuZBZSxkdsAO0M+9dRLpI0Q0j4wsxCwhTYKJ9eMvFOXafn9bVxL0Fv2v2/kTNli4mtOYJDVRTFcFhUO1Zxrfig1tLOGeVxrOadC53lJsohc0WkOCkX3v1Meqi9IimvJwxwlGNHmJO40zw+ZIZxdHmWXWjBYkTL5PGiHvj14P6y2jibxbdJjskJOScBuSINckvuSEg4EeSFvJI3+k4/6Cf9+pOW6GzniMyBfv8CBHiiMQ==</latexit><latexit sha1_base64="RT6MIM4U9bfSZY5hpgrdB6+B17o=">AAACHHicZVBNSwMxEE3qd/2qevSyWBQPpeyKoMeCF48Krq20S8mm0zY02SzJrFCW/gavevHXeBOvgv/GbO3Btg/CvMy84TEvTqWw6Ps/tLSyura+sblV3t7Z3duvHBw+Wp0ZDiHXUptWzCxIkUCIAiW0UgNMxRKa8eimmDefwVihkwccpxApNkhEX3CGrhU+dXMx6Vaqft2fwlsmwYxUyQx33QNKOz3NMwUJcsmsbQd+ilHODAouYVLuZBZSxkdsAO0M+9dRLpI0Q0j4wsxCwhTYKJ9eMvFOXafn9bVxL0Fv2v2/kTNli4mtOYJDVRTFcFhUO1Zxrfig1tLOGeVxrOadC53lJsohc0WkOCkX3v1Meqi9IimvJwxwlGNHmJO40zw+ZIZxdHmWXWjBYkTL5PGiHvj14P6y2jibxbdJjskJOScBuSINckvuSEg4EeSFvJI3+k4/6Cf9+pOW6GzniMyBfv8CBHiiMQ==</latexit><latexit sha1_base64="RT6MIM4U9bfSZY5hpgrdB6+B17o=">AAACHHicZVBNSwMxEE3qd/2qevSyWBQPpeyKoMeCF48Krq20S8mm0zY02SzJrFCW/gavevHXeBOvgv/GbO3Btg/CvMy84TEvTqWw6Ps/tLSyura+sblV3t7Z3duvHBw+Wp0ZDiHXUptWzCxIkUCIAiW0UgNMxRKa8eimmDefwVihkwccpxApNkhEX3CGrhU+dXMx6Vaqft2fwlsmwYxUyQx33QNKOz3NMwUJcsmsbQd+ilHODAouYVLuZBZSxkdsAO0M+9dRLpI0Q0j4wsxCwhTYKJ9eMvFOXafn9bVxL0Fv2v2/kTNli4mtOYJDVRTFcFhUO1Zxrfig1tLOGeVxrOadC53lJsohc0WkOCkX3v1Meqi9IimvJwxwlGNHmJO40zw+ZIZxdHmWXWjBYkTL5PGiHvj14P6y2jibxbdJjskJOScBuSINckvuSEg4EeSFvJI3+k4/6Cf9+pOW6GzniMyBfv8CBHiiMQ==</latexit><latexit sha1_base64="RT6MIM4U9bfSZY5hpgrdB6+B17o=">AAACHHicZVBNSwMxEE3qd/2qevSyWBQPpeyKoMeCF48Krq20S8mm0zY02SzJrFCW/gavevHXeBOvgv/GbO3Btg/CvMy84TEvTqWw6Ps/tLSyura+sblV3t7Z3duvHBw+Wp0ZDiHXUptWzCxIkUCIAiW0UgNMxRKa8eimmDefwVihkwccpxApNkhEX3CGrhU+dXMx6Vaqft2fwlsmwYxUyQx33QNKOz3NMwUJcsmsbQd+ilHODAouYVLuZBZSxkdsAO0M+9dRLpI0Q0j4wsxCwhTYKJ9eMvFOXafn9bVxL0Fv2v2/kTNli4mtOYJDVRTFcFhUO1Zxrfig1tLOGeVxrOadC53lJsohc0WkOCkX3v1Meqi9IimvJwxwlGNHmJO40zw+ZIZxdHmWXWjBYkTL5PGiHvj14P6y2jibxbdJjskJOScBuSINckvuSEg4EeSFvJI3+k4/6Cf9+pOW6GzniMyBfv8CBHiiMQ==</latexit>

bXi
<latexit sha1_base64="vKTfPLgoOGC0oWSY+i+yBA4d5q8=">AAACJHicZVBNSwMxEE38rPWr6tHLYlE8lLIrgh4FLx4rWC3YpWSzUxuabNZkVinL/g6vevHXeBMPXvwtZuserD4I8zLzhse8KJXCou9/0rn5hcWl5dpKfXVtfWOzsbV9bXVmOHS5ltr0ImZBigS6KFBCLzXAVCThJhqfl/ObBzBW6OQKJymEit0lYig4Q9cK+48ihhHDvFcMxKDR9Nv+FN5/ElSkSSp0BluU9mPNMwUJcsmsvQ38FMOcGRRcQlHvZxZSxsfsDm4zHJ6GuUjSDCHhf2YWEqbAhvn0osLbd53YG2rjXoLetPt7I2fKlhPbcgRHqiyK4aisdqKiVvlBraWdMcqjSM06lzrLTZhD5opIsaiX3sNMeqi9MjEvFgY4yokjzEncaR4fMcM4ulzrLrTgb0T/yfVRO/DbweVx8+ygiq9GdskeOSQBOSFn5IJ0SJdwck+eyDN5oa/0jb7Tjx/pHK12dsgM6Nc31KClwg==</latexit><latexit sha1_base64="vKTfPLgoOGC0oWSY+i+yBA4d5q8=">AAACJHicZVBNSwMxEE38rPWr6tHLYlE8lLIrgh4FLx4rWC3YpWSzUxuabNZkVinL/g6vevHXeBMPXvwtZuserD4I8zLzhse8KJXCou9/0rn5hcWl5dpKfXVtfWOzsbV9bXVmOHS5ltr0ImZBigS6KFBCLzXAVCThJhqfl/ObBzBW6OQKJymEit0lYig4Q9cK+48ihhHDvFcMxKDR9Nv+FN5/ElSkSSp0BluU9mPNMwUJcsmsvQ38FMOcGRRcQlHvZxZSxsfsDm4zHJ6GuUjSDCHhf2YWEqbAhvn0osLbd53YG2rjXoLetPt7I2fKlhPbcgRHqiyK4aisdqKiVvlBraWdMcqjSM06lzrLTZhD5opIsaiX3sNMeqi9MjEvFgY4yokjzEncaR4fMcM4ulzrLrTgb0T/yfVRO/DbweVx8+ygiq9GdskeOSQBOSFn5IJ0SJdwck+eyDN5oa/0jb7Tjx/pHK12dsgM6Nc31KClwg==</latexit><latexit sha1_base64="vKTfPLgoOGC0oWSY+i+yBA4d5q8=">AAACJHicZVBNSwMxEE38rPWr6tHLYlE8lLIrgh4FLx4rWC3YpWSzUxuabNZkVinL/g6vevHXeBMPXvwtZuserD4I8zLzhse8KJXCou9/0rn5hcWl5dpKfXVtfWOzsbV9bXVmOHS5ltr0ImZBigS6KFBCLzXAVCThJhqfl/ObBzBW6OQKJymEit0lYig4Q9cK+48ihhHDvFcMxKDR9Nv+FN5/ElSkSSp0BluU9mPNMwUJcsmsvQ38FMOcGRRcQlHvZxZSxsfsDm4zHJ6GuUjSDCHhf2YWEqbAhvn0osLbd53YG2rjXoLetPt7I2fKlhPbcgRHqiyK4aisdqKiVvlBraWdMcqjSM06lzrLTZhD5opIsaiX3sNMeqi9MjEvFgY4yokjzEncaR4fMcM4ulzrLrTgb0T/yfVRO/DbweVx8+ygiq9GdskeOSQBOSFn5IJ0SJdwck+eyDN5oa/0jb7Tjx/pHK12dsgM6Nc31KClwg==</latexit><latexit sha1_base64="vKTfPLgoOGC0oWSY+i+yBA4d5q8=">AAACJHicZVBNSwMxEE38rPWr6tHLYlE8lLIrgh4FLx4rWC3YpWSzUxuabNZkVinL/g6vevHXeBMPXvwtZuserD4I8zLzhse8KJXCou9/0rn5hcWl5dpKfXVtfWOzsbV9bXVmOHS5ltr0ImZBigS6KFBCLzXAVCThJhqfl/ObBzBW6OQKJymEit0lYig4Q9cK+48ihhHDvFcMxKDR9Nv+FN5/ElSkSSp0BluU9mPNMwUJcsmsvQ38FMOcGRRcQlHvZxZSxsfsDm4zHJ6GuUjSDCHhf2YWEqbAhvn0osLbd53YG2rjXoLetPt7I2fKlhPbcgRHqiyK4aisdqKiVvlBraWdMcqjSM06lzrLTZhD5opIsaiX3sNMeqi9MjEvFgY4yokjzEncaR4fMcM4ulzrLrTgb0T/yfVRO/DbweVx8+ygiq9GdskeOSQBOSFn5IJ0SJdwck+eyDN5oa/0jb7Tjx/pHK12dsgM6Nc31KClwg==</latexit>

bYi
<latexit sha1_base64="/yVHVisoB31NrV5yeHKGAG1YPRM=">AAACJHicZVBNSwMxEE38rPWr1aOXxaJ4kLIrgh4LXjxWsK1il5JNZ91gslmTWaUs/R1e9eKv8SYevPhbzNYerD4I8zLzhse8KJPCou9/0rn5hcWl5cpKdXVtfWOzVt/qWp0bDh2upTZXEbMgRQodFCjhKjPAVCShF92dlfPeAxgrdHqJowxCxW5TEQvO0LXC/qMYQsKwuB4PxKDW8Jv+BN5/EkxJg0zRHtQp7Q81zxWkyCWz9ibwMwwLZlBwCeNqP7eQMX7HbuEmx/g0LESa5Qgp/zOzkDIFNiwmF429PdcZerE27qXoTbq/NwqmbDmxh45gosqiGCZltSMVHZYf1FraGaMiitSsc6mz3IQF5K6IDMfV0jvOpYfaKxPzhsIARzlyhDmJO83jCTOMo8u16kIL/kb0n3SPmoHfDC6OG639aXwVskN2yQEJyAlpkXPSJh3CyT15Is/khb7SN/pOP36kc3S6s01mQL++AdZXpcM=</latexit><latexit sha1_base64="/yVHVisoB31NrV5yeHKGAG1YPRM=">AAACJHicZVBNSwMxEE38rPWr1aOXxaJ4kLIrgh4LXjxWsK1il5JNZ91gslmTWaUs/R1e9eKv8SYevPhbzNYerD4I8zLzhse8KJPCou9/0rn5hcWl5cpKdXVtfWOzVt/qWp0bDh2upTZXEbMgRQodFCjhKjPAVCShF92dlfPeAxgrdHqJowxCxW5TEQvO0LXC/qMYQsKwuB4PxKDW8Jv+BN5/EkxJg0zRHtQp7Q81zxWkyCWz9ibwMwwLZlBwCeNqP7eQMX7HbuEmx/g0LESa5Qgp/zOzkDIFNiwmF429PdcZerE27qXoTbq/NwqmbDmxh45gosqiGCZltSMVHZYf1FraGaMiitSsc6mz3IQF5K6IDMfV0jvOpYfaKxPzhsIARzlyhDmJO83jCTOMo8u16kIL/kb0n3SPmoHfDC6OG639aXwVskN2yQEJyAlpkXPSJh3CyT15Is/khb7SN/pOP36kc3S6s01mQL++AdZXpcM=</latexit><latexit sha1_base64="/yVHVisoB31NrV5yeHKGAG1YPRM=">AAACJHicZVBNSwMxEE38rPWr1aOXxaJ4kLIrgh4LXjxWsK1il5JNZ91gslmTWaUs/R1e9eKv8SYevPhbzNYerD4I8zLzhse8KJPCou9/0rn5hcWl5cpKdXVtfWOzVt/qWp0bDh2upTZXEbMgRQodFCjhKjPAVCShF92dlfPeAxgrdHqJowxCxW5TEQvO0LXC/qMYQsKwuB4PxKDW8Jv+BN5/EkxJg0zRHtQp7Q81zxWkyCWz9ibwMwwLZlBwCeNqP7eQMX7HbuEmx/g0LESa5Qgp/zOzkDIFNiwmF429PdcZerE27qXoTbq/NwqmbDmxh45gosqiGCZltSMVHZYf1FraGaMiitSsc6mz3IQF5K6IDMfV0jvOpYfaKxPzhsIARzlyhDmJO83jCTOMo8u16kIL/kb0n3SPmoHfDC6OG639aXwVskN2yQEJyAlpkXPSJh3CyT15Is/khb7SN/pOP36kc3S6s01mQL++AdZXpcM=</latexit><latexit sha1_base64="/yVHVisoB31NrV5yeHKGAG1YPRM=">AAACJHicZVBNSwMxEE38rPWr1aOXxaJ4kLIrgh4LXjxWsK1il5JNZ91gslmTWaUs/R1e9eKv8SYevPhbzNYerD4I8zLzhse8KJPCou9/0rn5hcWl5cpKdXVtfWOzVt/qWp0bDh2upTZXEbMgRQodFCjhKjPAVCShF92dlfPeAxgrdHqJowxCxW5TEQvO0LXC/qMYQsKwuB4PxKDW8Jv+BN5/EkxJg0zRHtQp7Q81zxWkyCWz9ibwMwwLZlBwCeNqP7eQMX7HbuEmx/g0LESa5Qgp/zOzkDIFNiwmF429PdcZerE27qXoTbq/NwqmbDmxh45gosqiGCZltSMVHZYf1FraGaMiitSsc6mz3IQF5K6IDMfV0jvOpYfaKxPzhsIARzlyhDmJO83jCTOMo8u16kIL/kb0n3SPmoHfDC6OG639aXwVskN2yQEJyAlpkXPSJh3CyT15Is/khb7SN/pOP36kc3S6s01mQL++AdZXpcM=</latexit>

bYi�1
<latexit sha1_base64="T27853R7ry3OAi0kzf/f9Xy6kkA=">AAACKnicZVBNSwMxEE38rOtXq0cvi0XxUMuuCHoUvHisYKtil5JNpzaYbJZkVinL/hSvevHXeCte/SFmaw+2PgjzMvOGx7w4lcJiEIzpwuLS8spqZc1b39jc2q7WdjpWZ4ZDm2upzV3MLEiRQBsFSrhLDTAVS7iNny7L+e0zGCt0coOjFCLFHhMxEJyha/Wqte6L6MOQYX5f9HJxHBa9aj1oBhP4/0k4JXUyRatXo7Tb1zxTkCCXzNqHMEgxyplBwSUUXjezkDL+xB7hIcPBeZSLJM0QEj43s5AwBTbKJ3cV/oHr9P2BNu4l6E+6fzdypmw5sQ1HcKjKohgOy2pHKm6UH9Ra2hmjPI7VrHOps9xEOWSuiBQLr/QeZNJH7Ze5+X1hgKMcOcKcxJ3m8yEzjKNL13OhhfMR/Sedk2YYNMPr0/rF4TS+Ctkj++SIhOSMXJAr0iJtwskLeSVv5J1+0E86pl+/0gU63dklM6DfP0cEp3I=</latexit><latexit sha1_base64="T27853R7ry3OAi0kzf/f9Xy6kkA=">AAACKnicZVBNSwMxEE38rOtXq0cvi0XxUMuuCHoUvHisYKtil5JNpzaYbJZkVinL/hSvevHXeCte/SFmaw+2PgjzMvOGx7w4lcJiEIzpwuLS8spqZc1b39jc2q7WdjpWZ4ZDm2upzV3MLEiRQBsFSrhLDTAVS7iNny7L+e0zGCt0coOjFCLFHhMxEJyha/Wqte6L6MOQYX5f9HJxHBa9aj1oBhP4/0k4JXUyRatXo7Tb1zxTkCCXzNqHMEgxyplBwSUUXjezkDL+xB7hIcPBeZSLJM0QEj43s5AwBTbKJ3cV/oHr9P2BNu4l6E+6fzdypmw5sQ1HcKjKohgOy2pHKm6UH9Ra2hmjPI7VrHOps9xEOWSuiBQLr/QeZNJH7Ze5+X1hgKMcOcKcxJ3m8yEzjKNL13OhhfMR/Sedk2YYNMPr0/rF4TS+Ctkj++SIhOSMXJAr0iJtwskLeSVv5J1+0E86pl+/0gU63dklM6DfP0cEp3I=</latexit><latexit sha1_base64="T27853R7ry3OAi0kzf/f9Xy6kkA=">AAACKnicZVBNSwMxEE38rOtXq0cvi0XxUMuuCHoUvHisYKtil5JNpzaYbJZkVinL/hSvevHXeCte/SFmaw+2PgjzMvOGx7w4lcJiEIzpwuLS8spqZc1b39jc2q7WdjpWZ4ZDm2upzV3MLEiRQBsFSrhLDTAVS7iNny7L+e0zGCt0coOjFCLFHhMxEJyha/Wqte6L6MOQYX5f9HJxHBa9aj1oBhP4/0k4JXUyRatXo7Tb1zxTkCCXzNqHMEgxyplBwSUUXjezkDL+xB7hIcPBeZSLJM0QEj43s5AwBTbKJ3cV/oHr9P2BNu4l6E+6fzdypmw5sQ1HcKjKohgOy2pHKm6UH9Ra2hmjPI7VrHOps9xEOWSuiBQLr/QeZNJH7Ze5+X1hgKMcOcKcxJ3m8yEzjKNL13OhhfMR/Sedk2YYNMPr0/rF4TS+Ctkj++SIhOSMXJAr0iJtwskLeSVv5J1+0E86pl+/0gU63dklM6DfP0cEp3I=</latexit><latexit sha1_base64="T27853R7ry3OAi0kzf/f9Xy6kkA=">AAACKnicZVBNSwMxEE38rOtXq0cvi0XxUMuuCHoUvHisYKtil5JNpzaYbJZkVinL/hSvevHXeCte/SFmaw+2PgjzMvOGx7w4lcJiEIzpwuLS8spqZc1b39jc2q7WdjpWZ4ZDm2upzV3MLEiRQBsFSrhLDTAVS7iNny7L+e0zGCt0coOjFCLFHhMxEJyha/Wqte6L6MOQYX5f9HJxHBa9aj1oBhP4/0k4JXUyRatXo7Tb1zxTkCCXzNqHMEgxyplBwSUUXjezkDL+xB7hIcPBeZSLJM0QEj43s5AwBTbKJ3cV/oHr9P2BNu4l6E+6fzdypmw5sQ1HcKjKohgOy2pHKm6UH9Ra2hmjPI7VrHOps9xEOWSuiBQLr/QeZNJH7Ze5+X1hgKMcOcKcxJ3m8yEzjKNL13OhhfMR/Sedk2YYNMPr0/rF4TS+Ctkj++SIhOSMXJAr0iJtwskLeSVv5J1+0E86pl+/0gU63dklM6DfP0cEp3I=</latexit>

bXi�1
<latexit sha1_base64="No3O6lfxUq2u5bSlob3g/5gQ9Q0=">AAACKnicZVBNSwMxEE3qd/1q9ehlsSgeatkVQY+CF48VbC20S8mm0zY02SzJrFKW/Sle9eKv8SZe/SFmaw/WPgjzMvOGx7wokcKi73/S0srq2vrG5lZ5e2d3b79SPWhbnRoOLa6lNp2IWZAihhYKlNBJDDAVSXiMJrfF/PEJjBU6fsBpAqFio1gMBWfoWv1KtfcsBjBmmHXyfibOg7xfqfkNfwZvmQRzUiNzNPtVSnsDzVMFMXLJrO0GfoJhxgwKLiEv91ILCeMTNoJuisPrMBNxkiLE/N/MQswU2DCb3ZV7J64z8IbauBejN+v+3ciYssXE1h3BsSqKYjguqp2qqF58UGtpF4yyKFKLzoXOchNmkLoiEszLhfcwlR5qr8jNGwgDHOXUEeYk7jSPj5lhHF26ZRda8D+iZdK+aAR+I7i/rN2czuPbJEfkmJyRgFyRG3JHmqRFOHkmL+SVvNF3+kE/6devtETnO4dkAfT7B0VJp3E=</latexit><latexit sha1_base64="No3O6lfxUq2u5bSlob3g/5gQ9Q0=">AAACKnicZVBNSwMxEE3qd/1q9ehlsSgeatkVQY+CF48VbC20S8mm0zY02SzJrFKW/Sle9eKv8SZe/SFmaw/WPgjzMvOGx7wokcKi73/S0srq2vrG5lZ5e2d3b79SPWhbnRoOLa6lNp2IWZAihhYKlNBJDDAVSXiMJrfF/PEJjBU6fsBpAqFio1gMBWfoWv1KtfcsBjBmmHXyfibOg7xfqfkNfwZvmQRzUiNzNPtVSnsDzVMFMXLJrO0GfoJhxgwKLiEv91ILCeMTNoJuisPrMBNxkiLE/N/MQswU2DCb3ZV7J64z8IbauBejN+v+3ciYssXE1h3BsSqKYjguqp2qqF58UGtpF4yyKFKLzoXOchNmkLoiEszLhfcwlR5qr8jNGwgDHOXUEeYk7jSPj5lhHF26ZRda8D+iZdK+aAR+I7i/rN2czuPbJEfkmJyRgFyRG3JHmqRFOHkmL+SVvNF3+kE/6devtETnO4dkAfT7B0VJp3E=</latexit><latexit sha1_base64="No3O6lfxUq2u5bSlob3g/5gQ9Q0=">AAACKnicZVBNSwMxEE3qd/1q9ehlsSgeatkVQY+CF48VbC20S8mm0zY02SzJrFKW/Sle9eKv8SZe/SFmaw/WPgjzMvOGx7wokcKi73/S0srq2vrG5lZ5e2d3b79SPWhbnRoOLa6lNp2IWZAihhYKlNBJDDAVSXiMJrfF/PEJjBU6fsBpAqFio1gMBWfoWv1KtfcsBjBmmHXyfibOg7xfqfkNfwZvmQRzUiNzNPtVSnsDzVMFMXLJrO0GfoJhxgwKLiEv91ILCeMTNoJuisPrMBNxkiLE/N/MQswU2DCb3ZV7J64z8IbauBejN+v+3ciYssXE1h3BsSqKYjguqp2qqF58UGtpF4yyKFKLzoXOchNmkLoiEszLhfcwlR5qr8jNGwgDHOXUEeYk7jSPj5lhHF26ZRda8D+iZdK+aAR+I7i/rN2czuPbJEfkmJyRgFyRG3JHmqRFOHkmL+SVvNF3+kE/6devtETnO4dkAfT7B0VJp3E=</latexit><latexit sha1_base64="No3O6lfxUq2u5bSlob3g/5gQ9Q0=">AAACKnicZVBNSwMxEE3qd/1q9ehlsSgeatkVQY+CF48VbC20S8mm0zY02SzJrFKW/Sle9eKv8SZe/SFmaw/WPgjzMvOGx7wokcKi73/S0srq2vrG5lZ5e2d3b79SPWhbnRoOLa6lNp2IWZAihhYKlNBJDDAVSXiMJrfF/PEJjBU6fsBpAqFio1gMBWfoWv1KtfcsBjBmmHXyfibOg7xfqfkNfwZvmQRzUiNzNPtVSnsDzVMFMXLJrO0GfoJhxgwKLiEv91ILCeMTNoJuisPrMBNxkiLE/N/MQswU2DCb3ZV7J64z8IbauBejN+v+3ciYssXE1h3BsSqKYjguqp2qqF58UGtpF4yyKFKLzoXOchNmkLoiEszLhfcwlR5qr8jNGwgDHOXUEeYk7jSPj5lhHF26ZRda8D+iZdK+aAR+I7i/rN2czuPbJEfkmJyRgFyRG3JHmqRFOHkmL+SVvNF3+kE/6devtETnO4dkAfT7B0VJp3E=</latexit>

xi
<latexit sha1_base64="NK1v11B+7/owtqh6dX7543DeM0U=">AAACGnicZVBNSwMxEE3qV61frR69LBbFQym7Iuix4MWjolWhXUo2nW1Dk82SzIpl6U/wqhd/jTfx6sV/Y7b2YOuDMC8zb3jMi1IpLPr+Ny0tLa+srpXXKxubW9s71drundWZ4dDmWmrzEDELUiTQRoESHlIDTEUS7qPRRTG/fwRjhU5ucZxCqNggEbHgDF3r5qknetW63/Sn8P6TYEbqZIarXo3Sbl/zTEGCXDJrO4GfYpgzg4JLmFS6mYWU8REbQCfD+DzMRZJmCAlfmFlImAIb5tM7Jt6h6/S9WBv3EvSm3b8bOVO2mNiGIzhURVEMh0W1YxU1ig9qLe2cUR5Fat650FluwhwyV0SKk0rhHWfSQ+0VOXl9YYCjHDvCnMSd5vEhM4yjS7PiQgsWI/pP7k6agd8Mrk/rraNZfGWyTw7IMQnIGWmRS3JF2oSTAXkmL+SVvtF3+kE/f6UlOtvZI3OgXz9GA6FE</latexit><latexit sha1_base64="NK1v11B+7/owtqh6dX7543DeM0U=">AAACGnicZVBNSwMxEE3qV61frR69LBbFQym7Iuix4MWjolWhXUo2nW1Dk82SzIpl6U/wqhd/jTfx6sV/Y7b2YOuDMC8zb3jMi1IpLPr+Ny0tLa+srpXXKxubW9s71drundWZ4dDmWmrzEDELUiTQRoESHlIDTEUS7qPRRTG/fwRjhU5ucZxCqNggEbHgDF3r5qknetW63/Sn8P6TYEbqZIarXo3Sbl/zTEGCXDJrO4GfYpgzg4JLmFS6mYWU8REbQCfD+DzMRZJmCAlfmFlImAIb5tM7Jt6h6/S9WBv3EvSm3b8bOVO2mNiGIzhURVEMh0W1YxU1ig9qLe2cUR5Fat650FluwhwyV0SKk0rhHWfSQ+0VOXl9YYCjHDvCnMSd5vEhM4yjS7PiQgsWI/pP7k6agd8Mrk/rraNZfGWyTw7IMQnIGWmRS3JF2oSTAXkmL+SVvtF3+kE/f6UlOtvZI3OgXz9GA6FE</latexit><latexit sha1_base64="NK1v11B+7/owtqh6dX7543DeM0U=">AAACGnicZVBNSwMxEE3qV61frR69LBbFQym7Iuix4MWjolWhXUo2nW1Dk82SzIpl6U/wqhd/jTfx6sV/Y7b2YOuDMC8zb3jMi1IpLPr+Ny0tLa+srpXXKxubW9s71drundWZ4dDmWmrzEDELUiTQRoESHlIDTEUS7qPRRTG/fwRjhU5ucZxCqNggEbHgDF3r5qknetW63/Sn8P6TYEbqZIarXo3Sbl/zTEGCXDJrO4GfYpgzg4JLmFS6mYWU8REbQCfD+DzMRZJmCAlfmFlImAIb5tM7Jt6h6/S9WBv3EvSm3b8bOVO2mNiGIzhURVEMh0W1YxU1ig9qLe2cUR5Fat650FluwhwyV0SKk0rhHWfSQ+0VOXl9YYCjHDvCnMSd5vEhM4yjS7PiQgsWI/pP7k6agd8Mrk/rraNZfGWyTw7IMQnIGWmRS3JF2oSTAXkmL+SVvtF3+kE/f6UlOtvZI3OgXz9GA6FE</latexit><latexit sha1_base64="NK1v11B+7/owtqh6dX7543DeM0U=">AAACGnicZVBNSwMxEE3qV61frR69LBbFQym7Iuix4MWjolWhXUo2nW1Dk82SzIpl6U/wqhd/jTfx6sV/Y7b2YOuDMC8zb3jMi1IpLPr+Ny0tLa+srpXXKxubW9s71drundWZ4dDmWmrzEDELUiTQRoESHlIDTEUS7qPRRTG/fwRjhU5ucZxCqNggEbHgDF3r5qknetW63/Sn8P6TYEbqZIarXo3Sbl/zTEGCXDJrO4GfYpgzg4JLmFS6mYWU8REbQCfD+DzMRZJmCAlfmFlImAIb5tM7Jt6h6/S9WBv3EvSm3b8bOVO2mNiGIzhURVEMh0W1YxU1ig9qLe2cUR5Fat650FluwhwyV0SKk0rhHWfSQ+0VOXl9YYCjHDvCnMSd5vEhM4yjS7PiQgsWI/pP7k6agd8Mrk/rraNZfGWyTw7IMQnIGWmRS3JF2oSTAXkmL+SVvtF3+kE/f6UlOtvZI3OgXz9GA6FE</latexit>

yi
<latexit sha1_base64="z2ECyck4/Fdl8VZOHWnNp4Bcnmk=">AAACGnicZVBNSwMxEE3qV12/qh69LBbFg5RdEfQoePFY0VahXUo2nbbBZLMks8Ky9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMi1MpLAbBD60sLa+srlXXvY3Nre2d2u5e2+rMcGhxLbV5jJkFKRJooUAJj6kBpmIJD/HTdTl/eAZjhU7uMU8hUmyYiIHgDF3rLu+JXq0eNIIJ/EUSTkmdTNHs7VLa7WueKUiQS2ZtJwxSjApmUHAJY6+bWUgZf2JD6GQ4uIwKkaQZQsLnZhYSpsBGxeSOsX/kOn1/oI17CfqT7v+NgilbTuypIzhSZVEMR2W1uYpPyw9qLe2MURHHata51FluogIyV0SKY6/0HmTSR+2XOfl9YYCjzB1hTuJO8/mIGcbRpem50ML5iBZJ+6wRBo3w9rx+dTyNr0oOyCE5ISG5IFfkhjRJi3AyJC/klbzRd/pBP+nXn7RCpzv7ZAb0+xdHuaFF</latexit><latexit sha1_base64="z2ECyck4/Fdl8VZOHWnNp4Bcnmk=">AAACGnicZVBNSwMxEE3qV12/qh69LBbFg5RdEfQoePFY0VahXUo2nbbBZLMks8Ky9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMi1MpLAbBD60sLa+srlXXvY3Nre2d2u5e2+rMcGhxLbV5jJkFKRJooUAJj6kBpmIJD/HTdTl/eAZjhU7uMU8hUmyYiIHgDF3rLu+JXq0eNIIJ/EUSTkmdTNHs7VLa7WueKUiQS2ZtJwxSjApmUHAJY6+bWUgZf2JD6GQ4uIwKkaQZQsLnZhYSpsBGxeSOsX/kOn1/oI17CfqT7v+NgilbTuypIzhSZVEMR2W1uYpPyw9qLe2MURHHata51FluogIyV0SKY6/0HmTSR+2XOfl9YYCjzB1hTuJO8/mIGcbRpem50ML5iBZJ+6wRBo3w9rx+dTyNr0oOyCE5ISG5IFfkhjRJi3AyJC/klbzRd/pBP+nXn7RCpzv7ZAb0+xdHuaFF</latexit><latexit sha1_base64="z2ECyck4/Fdl8VZOHWnNp4Bcnmk=">AAACGnicZVBNSwMxEE3qV12/qh69LBbFg5RdEfQoePFY0VahXUo2nbbBZLMks8Ky9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMi1MpLAbBD60sLa+srlXXvY3Nre2d2u5e2+rMcGhxLbV5jJkFKRJooUAJj6kBpmIJD/HTdTl/eAZjhU7uMU8hUmyYiIHgDF3rLu+JXq0eNIIJ/EUSTkmdTNHs7VLa7WueKUiQS2ZtJwxSjApmUHAJY6+bWUgZf2JD6GQ4uIwKkaQZQsLnZhYSpsBGxeSOsX/kOn1/oI17CfqT7v+NgilbTuypIzhSZVEMR2W1uYpPyw9qLe2MURHHata51FluogIyV0SKY6/0HmTSR+2XOfl9YYCjzB1hTuJO8/mIGcbRpem50ML5iBZJ+6wRBo3w9rx+dTyNr0oOyCE5ISG5IFfkhjRJi3AyJC/klbzRd/pBP+nXn7RCpzv7ZAb0+xdHuaFF</latexit><latexit sha1_base64="z2ECyck4/Fdl8VZOHWnNp4Bcnmk=">AAACGnicZVBNSwMxEE3qV12/qh69LBbFg5RdEfQoePFY0VahXUo2nbbBZLMks8Ky9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMi1MpLAbBD60sLa+srlXXvY3Nre2d2u5e2+rMcGhxLbV5jJkFKRJooUAJj6kBpmIJD/HTdTl/eAZjhU7uMU8hUmyYiIHgDF3rLu+JXq0eNIIJ/EUSTkmdTNHs7VLa7WueKUiQS2ZtJwxSjApmUHAJY6+bWUgZf2JD6GQ4uIwKkaQZQsLnZhYSpsBGxeSOsX/kOn1/oI17CfqT7v+NgilbTuypIzhSZVEMR2W1uYpPyw9qLe2MURHHata51FluogIyV0SKY6/0HmTSR+2XOfl9YYCjzB1hTuJO8/mIGcbRpem50ML5iBZJ+6wRBo3w9rx+dTyNr0oOyCE5ISG5IFfkhjRJi3AyJC/klbzRd/pBP+nXn7RCpzv7ZAb0+xdHuaFF</latexit>

xj
<latexit sha1_base64="9YHuh1D85k/2x7V8DhiYle3Jh2U=">AAACGnicZVBNSwMxEE38rOtX1aOXxaJ4kLIrgh4FLx4r2lZol5JNZ9toslmSWbEs/Qle9eKv8SZevfhvzNYerD4I8zLzhse8OJPCYhB80bn5hcWl5cqKt7q2vrFZ3dpuWZ0bDk2upTa3MbMgRQpNFCjhNjPAVCyhHd9flPP2AxgrdHqDowwixQapSARn6FrXj727XrUW1IMJ/P8knJIamaLR26K029c8V5Ail8zaThhkGBXMoOASxl43t5Axfs8G0MkxOYsKkWY5Qsr/zCykTIGNiskdY3/fdfp+oo17KfqT7u+NgilbTuyRIzhUZVEMh2W1IxUflR/UWtoZoyKO1axzqbPcRAXkrogMx17pneTSR+2XOfl9YYCjHDnCnMSd5vMhM4yjS9NzoYV/I/pPWsf1MKiHVye184NpfBWyS/bIIQnJKTknl6RBmoSTAXkiz+SFvtI3+k4/fqRzdLqzQ2ZAP78BR7ehRQ==</latexit><latexit sha1_base64="9YHuh1D85k/2x7V8DhiYle3Jh2U=">AAACGnicZVBNSwMxEE38rOtX1aOXxaJ4kLIrgh4FLx4r2lZol5JNZ9toslmSWbEs/Qle9eKv8SZevfhvzNYerD4I8zLzhse8OJPCYhB80bn5hcWl5cqKt7q2vrFZ3dpuWZ0bDk2upTa3MbMgRQpNFCjhNjPAVCyhHd9flPP2AxgrdHqDowwixQapSARn6FrXj727XrUW1IMJ/P8knJIamaLR26K029c8V5Ail8zaThhkGBXMoOASxl43t5Axfs8G0MkxOYsKkWY5Qsr/zCykTIGNiskdY3/fdfp+oo17KfqT7u+NgilbTuyRIzhUZVEMh2W1IxUflR/UWtoZoyKO1axzqbPcRAXkrogMx17pneTSR+2XOfl9YYCjHDnCnMSd5vMhM4yjS9NzoYV/I/pPWsf1MKiHVye184NpfBWyS/bIIQnJKTknl6RBmoSTAXkiz+SFvtI3+k4/fqRzdLqzQ2ZAP78BR7ehRQ==</latexit><latexit sha1_base64="9YHuh1D85k/2x7V8DhiYle3Jh2U=">AAACGnicZVBNSwMxEE38rOtX1aOXxaJ4kLIrgh4FLx4r2lZol5JNZ9toslmSWbEs/Qle9eKv8SZevfhvzNYerD4I8zLzhse8OJPCYhB80bn5hcWl5cqKt7q2vrFZ3dpuWZ0bDk2upTa3MbMgRQpNFCjhNjPAVCyhHd9flPP2AxgrdHqDowwixQapSARn6FrXj727XrUW1IMJ/P8knJIamaLR26K029c8V5Ail8zaThhkGBXMoOASxl43t5Axfs8G0MkxOYsKkWY5Qsr/zCykTIGNiskdY3/fdfp+oo17KfqT7u+NgilbTuyRIzhUZVEMh2W1IxUflR/UWtoZoyKO1axzqbPcRAXkrogMx17pneTSR+2XOfl9YYCjHDnCnMSd5vMhM4yjS9NzoYV/I/pPWsf1MKiHVye184NpfBWyS/bIIQnJKTknl6RBmoSTAXkiz+SFvtI3+k4/fqRzdLqzQ2ZAP78BR7ehRQ==</latexit><latexit sha1_base64="9YHuh1D85k/2x7V8DhiYle3Jh2U=">AAACGnicZVBNSwMxEE38rOtX1aOXxaJ4kLIrgh4FLx4r2lZol5JNZ9toslmSWbEs/Qle9eKv8SZevfhvzNYerD4I8zLzhse8OJPCYhB80bn5hcWl5cqKt7q2vrFZ3dpuWZ0bDk2upTa3MbMgRQpNFCjhNjPAVCyhHd9flPP2AxgrdHqDowwixQapSARn6FrXj727XrUW1IMJ/P8knJIamaLR26K029c8V5Ail8zaThhkGBXMoOASxl43t5Axfs8G0MkxOYsKkWY5Qsr/zCykTIGNiskdY3/fdfp+oo17KfqT7u+NgilbTuyRIzhUZVEMh2W1IxUflR/UWtoZoyKO1axzqbPcRAXkrogMx17pneTSR+2XOfl9YYCjHDnCnMSd5vMhM4yjS9NzoYV/I/pPWsf1MKiHVye184NpfBWyS/bIIQnJKTknl6RBmoSTAXkiz+SFvtI3+k4/fqRzdLqzQ2ZAP78BR7ehRQ==</latexit>

S
<latexit sha1_base64="/SE6RJQR6FBzFyJzCmC3ITLSiV0=">AAACGHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhs0X5Au5RsOm2DyWZJZoWy9Bd41Yu/xpt49ea/MVt7sPVBmJeZNzzmRYkUFn3/m66tb2xubRd2irt7+weHpfJR2+rUcGhxLbXpRsyCFDG0UKCEbmKAqUhCJ3q8zeedJzBW6PgBpwmEio1jMRKcoWs17welil/z5/D+k2BBKmSBxqBMaX+oeaogRi6Ztb3ATzDMmEHBJcyK/dRCwvgjG0MvxdFNmIk4SRFivjKzEDMFNszmV8y8M9cZeiNt3IvRm3f/bmRM2Xxiq47gROVFMZzk1U5VVM0/qLW0S0ZZFKll51xnuQkzSF0RCc6KufcolR5qL0/JGwoDHOXUEeYk7jSPT5hhHF2WRRdasBrRf9K+rAV+LWheVerni/gK5ISckgsSkGtSJ3ekQVqEEyDP5IW80jf6Tj/o5690jS52jskS6NcPZsigQw==</latexit><latexit sha1_base64="/SE6RJQR6FBzFyJzCmC3ITLSiV0=">AAACGHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhs0X5Au5RsOm2DyWZJZoWy9Bd41Yu/xpt49ea/MVt7sPVBmJeZNzzmRYkUFn3/m66tb2xubRd2irt7+weHpfJR2+rUcGhxLbXpRsyCFDG0UKCEbmKAqUhCJ3q8zeedJzBW6PgBpwmEio1jMRKcoWs17welil/z5/D+k2BBKmSBxqBMaX+oeaogRi6Ztb3ATzDMmEHBJcyK/dRCwvgjG0MvxdFNmIk4SRFivjKzEDMFNszmV8y8M9cZeiNt3IvRm3f/bmRM2Xxiq47gROVFMZzk1U5VVM0/qLW0S0ZZFKll51xnuQkzSF0RCc6KufcolR5qL0/JGwoDHOXUEeYk7jSPT5hhHF2WRRdasBrRf9K+rAV+LWheVerni/gK5ISckgsSkGtSJ3ekQVqEEyDP5IW80jf6Tj/o5690jS52jskS6NcPZsigQw==</latexit><latexit sha1_base64="/SE6RJQR6FBzFyJzCmC3ITLSiV0=">AAACGHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhs0X5Au5RsOm2DyWZJZoWy9Bd41Yu/xpt49ea/MVt7sPVBmJeZNzzmRYkUFn3/m66tb2xubRd2irt7+weHpfJR2+rUcGhxLbXpRsyCFDG0UKCEbmKAqUhCJ3q8zeedJzBW6PgBpwmEio1jMRKcoWs17welil/z5/D+k2BBKmSBxqBMaX+oeaogRi6Ztb3ATzDMmEHBJcyK/dRCwvgjG0MvxdFNmIk4SRFivjKzEDMFNszmV8y8M9cZeiNt3IvRm3f/bmRM2Xxiq47gROVFMZzk1U5VVM0/qLW0S0ZZFKll51xnuQkzSF0RCc6KufcolR5qL0/JGwoDHOXUEeYk7jSPT5hhHF2WRRdasBrRf9K+rAV+LWheVerni/gK5ISckgsSkGtSJ3ekQVqEEyDP5IW80jf6Tj/o5690jS52jskS6NcPZsigQw==</latexit><latexit sha1_base64="/SE6RJQR6FBzFyJzCmC3ITLSiV0=">AAACGHicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhs0X5Au5RsOm2DyWZJZoWy9Bd41Yu/xpt49ea/MVt7sPVBmJeZNzzmRYkUFn3/m66tb2xubRd2irt7+weHpfJR2+rUcGhxLbXpRsyCFDG0UKCEbmKAqUhCJ3q8zeedJzBW6PgBpwmEio1jMRKcoWs17welil/z5/D+k2BBKmSBxqBMaX+oeaogRi6Ztb3ATzDMmEHBJcyK/dRCwvgjG0MvxdFNmIk4SRFivjKzEDMFNszmV8y8M9cZeiNt3IvRm3f/bmRM2Xxiq47gROVFMZzk1U5VVM0/qLW0S0ZZFKll51xnuQkzSF0RCc6KufcolR5qL0/JGwoDHOXUEeYk7jSPT5hhHF2WRRdasBrRf9K+rAV+LWheVerni/gK5ISckgsSkGtSJ3ekQVqEEyDP5IW80jf6Tj/o5690jS52jskS6NcPZsigQw==</latexit>

S0
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Figure 7 An illustration of the edges intersecting xjyi, where xj ∈ X̂i−1 \ S. Here, the red edges
intersect xjyi and the green edges do not intersect xjyi.

647

648

To construct Q, we first construct two sets Q̂, Q̃ ⊆ 2
X̂i−1 (each of size at most O(k)).649

We will obtain Q̂ ⊇ Q̃ ⊇ Q (in that order, by removing some “bad sets”). For a vertex650

xj ∈ (N(yi)∩ X̂i−1) \S, let Qj = (S \ {xi})∪{xj}. Intuitively, the vertex yi will be matched651

to xj , when Qj is under consideration. Note that Qj ⊆ X̂i−1. We let Q̂ = {Qj | xj ∈652

(N(yi) ∩ X̂i−1) \ S}. In the above definition, we only consider the neighbors of yi from653

X̂i−1 \ S, because we require that the desired matching must not saturate a vertex from S.654

We let Q̃ = Q̂ ∩ Si−1
X . We now define a function ovh : Q̃ → N (see Figure 7 for an intuitive655

illustration). For Qj ∈ Q̃, we set ovh(Qj) = |Xj+1,i \ S|. To obtain Q, we will delete those656

sets from Q̃ which will incur an “overhead” of crossings more than the “allowed” budget.657

Before constructing Q, we first recall the following facts. By the definition of Q̃, we have658

Q ∈ Si−1
X . Moreover, from Observation 4 it follows that S′ ∈ Si−1

Y (as yi /∈ S′). We set659

Q = {Q ∈ Q̃ | `− ovh(Q) ∈ Alwi−1(Q,S′)}.660

Now we set T [i, S, S′, `] as follows.661

T [i, S, S′, `] =
{

0, if Q = ∅,
∨
Q∈Q T [i− 1, Q, S′, `− ovh(Q)], otherwise.

In the following two lemmata (Lemma 11 and 12), we prove the correctness of our662

computation for Case 2.663

I Lemma 11. If T [i, S, S′, `] = 1, then there is Q ∈ Q, such that T [i−1, Q, S′, `−ovh(Q)] = 1.664

Proof. Assume that T [i, S, S′, `] = 1. Let M be a matching in Gi that realizes T [i, S, S′, `].665

By definition, M is (i, S, S′)-compatible. Note that yi ∈ Sat(M) and xi /∈ Sat(M). Let666

xjyi ∈M . From Observation 7, we have xj ∈ X̂i−1. Thus, we can conclude that i−k 6 j < i.667

Recall that Qj = (S \ {xi}) ∪ {xj}. Now from Observation 9, it follows that Qj ∈ Si−1
X . As668

yi /∈ S′, from Observation 4 it follows that S′ ∈ Si−1
Y .669

Next, we will show that ` − ovh(Qj) ∈ Alwi−1(Qj , S′). Let ˜̀= ovh(Qj) = |Xj+1,i \ S|.670

From Observation 8 it follows that the edge xjyi intersects exactly |Xj+1,i \ S| many edges671

from M . Thus, |Xj+1,i \ S| 6 `, and 0 6 ˜̀6 ` 6 k. Recall that Alwi−1(Qj , S′) = {p ∈ [k]0 |672

p 6 k −max{csti−1(Qj), csti−1(S′)}}. To show that `− ˜̀∈ Alwi−1(Qj , S′), it is enough to673
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show that `− ˜̀6 k−max{csti−1(Qj), csti−1(S′)}. Note that ` 6 k−max{csti(S), csti(S′)}674

as ` ∈ Alwi(S, S′). Using Observation 5, we obtain that csti−1(S′) 6 csti(S′). Thus, `− ˜̀6675

` 6 k− csti(S′) 6 k− csti−1(S′). Now we will argue that `− ˜̀6 k− csti−1(Qj). We start by676

arguing that csti−1(Qj) 6 csti(S)+ ˜̀. As Qj \{xj} = S\{xi}, using Observation 5, we obtain677

that csti−1(Qj \ {xj}) 6 csti(S)− |S|. Note that csti−1(Qj) = csti−1(Qj \ {xj}) + csti−1(xj).678

Recall that csti−1(xj) = i−j. Thus, csti−1(Qj) 6 csti(S)−|S|+i−j 6 csti(S)−|S∩Xj+1,i|+679

i − j. Note that |Xj+1,i| = i − j. Thus, csti−1(Qj) 6 csti(S) − |S ∩ Xj+1,i| + |Xj+1,i| =680

csti(S) + |Xj+1,i \ S|. Hence, csti−1(Qj) 6 csti(S) + ˜̀. We will use the above statement681

to argue that ` − ˜̀6 k − csti−1(Qj). As ` ∈ Alwi(S, S′), we have ` + csti(S) 6 k. Thus,682

` + csti(S) = ` − ˜̀+ csti(S) + ˜̀= ` − ˜̀+ csti−1(Qj) 6 k. Hence, ` − ˜̀6 k − csti−1(Qj).683

From the above discussions, we can conclude that `− ovh(Qj) ∈ Alwi−1(Qj , S′).684

We have obtained that T [i− 1, Qj , S′, `− ovh(Qj)] exists. Note that M ′ is a matching685

which realizes T [i− 1, Qj , S′, `− ovh(Qj)]. This concludes the proof. J686

I Lemma 12. If there is Q ∈ Q, such that T [i−1, Q, S′, `−ovh(Q)] = 1, then T [i, S, S′, `] = 1.687

Proof. Assume that T [i − 1, Qj , S′, ` − ovh(Qj)] = 1. Let M ′ be a matching in Gi−1688

that realizes T [i, S, S′, `]. Note that xj /∈ Sat(M ′). Let M = M ′ ∪ {xjyi}. Observe689

that Sat(M) = (Xi \ S) ∪ (Yi \ S′). From Observation 8, the edge xjyi intersects exactly690

|Xj+1,i\S| = ovh(Qj) edges fromM ′. This together with the fact that cr(M ′) = `−ovh(Qj),691

implies that cr(M) = `. Thus, we can conclude that M realizes T [i, S, S′], and hence692

T [i, S, S′] = 1. J693

Case 3: xi /∈ S and yi /∈ S′. In this case, a matching, say M , which realizes T [i, S, S′, `],694

must saturate both the vertices xi and yi. Thus, M must have edges xjyi and xiyj′ , where695

j 6 i and j′ 6 i. (Assuming xi is adjacent to yi in G, it can be the case that j = j′ = i, in696

which case xiyi ∈ M .) We will thus have T [i, S, S′, `] = T1[i, S, S′, `] ∨ T2[i, S, S′, `], where697

T1[i, S, S′, `] and T2[i, S, S′, `] are boolean variables that correspond respectively to the cases698

j = j′ = i and j 6= i (and j′ 6= i). We now define T1[i, S, S′, `] and T2[i, S, S′, `], formally.699

Defining T1[i, S, S′, `]. Since xi /∈ S, we have S ⊆ X̂i−1. Since yi /∈ S′, we have S′ ⊆ Ŷi−1.
By Observation 4, S ∈ Si−1

X and S′ ∈ Si−1
Y . Note that if a matching M that realizes

T [i, S, S′, `] contains the edge xiyi (assuming xiyi is indeed an edge in the graph G), then
cr(M) = cr(M \ {xiyi}). That is, no additional crossing is incurred by adding the edge xiyi
to the matching M \ {xiyi}. Also, note that ` ∈ Alwi−1(S, S′). With these observations, we
define T1[i, S, S′, `] as follows.

T1[i, S, S′, `] =
{

0, if xiyi /∈ E(G),
T [i− 1, S, S′, `], otherwise.

Defining T2[i, S, S′, `]. Now, to define T2[i, S, S′, `], we proceed as in Case 2. We will rely700

on the fact that the matching we are seeking for does not contain the edge xiyi. Since we701

need both xi and yi to be matched here, we will construct a set Q ⊆ Si−1
X ⊆ 2

X̂i−1 and a702

set R ⊆ Si−1
Y ⊆ 2

Ŷi−1 (each of size O(k)). We define Q (almost) the same way as we did in703

Case 2. We also define R, the Y -counterpart of Q, analogously.704

For a vertex xj ∈ (N(yi)∩ X̂i−1) \S, let Qj = S ∪ {xj}. We let Q̂ = {Qj | xj ∈ (N(yi)∩705

X̂i−1)\S}, and Q = Q̂∩Si−1
X . Similarly, for a vertex yj′ ∈ (N(xi)∩ Ŷi−1)\S′, let Rj′ = S′∪706

{yj′}. We let R̂ = {Rj′ | yj′ ∈ (N(xi)∩ Ŷi−1)\S′}, and R = R̂∩Si−1
Y . We will now construct707

a set of “crucial pairs” from Q×R, for the computation of T2[i, S, S′, `]. Towards this, we708

define a function ovh : Q×R → N. We set ovh(Qj , Rj′) = |Xj+1,i \S|+ |Yj′+1,i \S′| − 1, for709
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Qj ∈ Q and Rj′ ∈ R. Finally, we let C = {(Q,R) ∈ Q×R | `− ovh(Q,R) ∈ Alwi−1(Q,R)}.710

Now we set T2[i, S, S′, `] as follows.711

T2[i, S, S′, `] =
{

0, if C = ∅,
∨

(Q,R)∈C T [i− 1, Q,R, `− ovh(Q,R)], otherwise.

We set T = T1[i, S, S′, `] ∨ T2[i, S, S′, `]. Using the following four lemmata (Lemma 13712

to 16), we establish that the computation at Case 3 is correct. The proofs of Lemma 14713

and 16 will use arguments similar to the ones used for the proof of Lemma 11 and 12,714

respectively.715

I Lemma 13. Let T [i, S, S′, `] = 1 and M be a matching realizing T [i, S, S′, `], such that716

xiyi ∈M (i.e., T1[i, S, S′, `] = 1). Then, T [i− 1, S, S′, `] = 1.717

Proof. Let M ′ = M \ {xiyi}. Note that cr(M) = cr(M) = `, as the edge xiyi does not718

intersect any edge in M . Moreover, SatM ′ = (Xi−1 \S)∪ (Yi−1 \S). Thus, we conclude that719

T [i− 1, S, S′, `] = 1. J720

I Lemma 14. Let T [i, S, S′, `] = 1 and M be a matching realizing T [i, S, S′, `], such that721

xiyi /∈ M (i.e., T2[i, S, S′, `] = 1). Then, there is (Q,R) ∈ C, such that T [i − 1, Q,R, ` −722

ovh(Q,R)] = 1.723

Proof. Note that xi, yi ∈ Sat(M), as xi /∈ S and yi /∈ S′. Let xjyi, xiyj′ ∈ M . By the724

premise of the lemma, we have j 6= j′ 6= i. Note that the edges xjyi and xiyj′ , intersect each725

other. From Observation 7, we have xj ∈ X̂i−1 and yj′ ∈ Ŷi−1. Thus, we can conclude that726

i− k 6 j, j′ < i. Recall that Qj = S ∪ {xj} and Rj′ = S′ ∪ {yj′}. Now from Observation 9,727

it follows that Qj ∈ Si−1
X (as xi /∈ S) and Rj′ ∈ Si−1

Y (as yi /∈ S′). Since xj ∈ N(yi) and728

yj′ ∈ N(xi), we have Qj ∈ Q and Rj′ ∈ R.729

Next, we will show that `−ovh(Qj , Rj′) ∈ Alwi−1(Qj , Rj′) (and thus, (Qj , Rj′) ∈ C). Let730

˜̀= ovh(Qj , Rj′) = |Xj+1,i\S|+|Yj′+1,i\S′|−1. From Observation 8 it follows that the edges731

xjyi and xiyj′ intersects exactly |Xj+1,i\S| and |Yj′+1,i\S′| many edges fromM , respectively.732

(Note that xjyi and xiyj′ intersect each other.) Thus, |Xj+1,i \ S|+ |Yj′+1,i \ S′| − 1 6 `. In733

the sum on the left hand side of this inequality, the term −1 ensures that the intersection734

of the edges xjyi and xiyj′ is counted exactly once. Recall that ˜̀= |Xj+1,i \ S|+ |Yj′+1,i \735

S′| − 1. Thus, 0 6 ` − ˜̀ 6 ` 6 k. Recall that Alwi−1(Qj , Rj′) = {p ∈ [k]0 | p 6736

k − max{csti−1(Qj), csti−1(Rj′)}}. To show that ` − ˜̀∈ Alwi−1(Qj , Rj′), it is enough to737

show that `− ˜̀6 k−max{csti−1(Qj), csti−1(Rj′)}. Note that ` 6 k−max{csti(S), csti(S′)}738

as ` ∈ Alwi(S, S′). We will argue that ` − ˜̀ 6 k − csti−1(Qj). (We can obtain that739

`−˜̀6 k−csti−1(Rj′), by following similar arguments.) We start by arguing that csti−1(Qj) 6740

csti(S) + |Xj+1,i \ S|. As Qj \ {xj} = S, using Observation 5, we obtain that csti−1(Qj \741

{xj}) 6 csti(S) − |S|. Note that csti−1(Qj) = csti−1(Qj \ {xj}) + csti−1(xj). Recall that742

csti−1(xj) = i−j. Thus, csti−1(Qj) 6 csti(S)−|S|+i−j 6 csti(S)−|S∩Xj+1,i|+i−j. Note743

that |Xj+1,i| = i−j. Thus, csti−1(Qj) 6 csti(S)−|S∩Xj+1,i|+|Xj+1,i| = csti(S)+|Xj+1,i\S|.744

Hence, csti−1(Qj) 6 csti(S) + |Xj+1,i \ S|. We will use the above statement to argue that745

` − ˜̀6 k − csti−1(Qj). As ` ∈ Alwi(S, S′), we have ` + csti(S) 6 k. Thus, ` + csti(S) =746

`− ˜̀+ (csti(S) + |Xj+1,i \S|) + (|Yj′+1,i \S′|− 1) 6 k. As csti−1(Qj) 6 csti(S) + |Xj+1,i \S|,747

we have `− ˜̀+ csti−1(Qj) + (|Yj′+1,i \ S′| − 1) 6 k. Note that Yj′+1,i \ S′ 6= ∅, as yi /∈ S′,748

and therefore, |Yj′+1,i \ S′| − 1 > 0. From the above discussions, we can obtain that749

`− ˜̀6 k − csti−1(Qj). Thus, we can conclude that `− ovh(Qj , Rj′) ∈ Alwi−1(Qj , Rj′), and750

hence (Qj , Rj′) ∈ C.751
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We have obtained that T [i−1, Qj , Rj′ , `−ovh(Qj , Rj′)] exists. Note thatM ′ is a matching752

which realizes T [i− 1, Qj , Rj′ , `− ovh(Qj , Rj′)]. This concludes the proof. J753

I Lemma 15. If T [i− 1, S, S′, `] = 1, then T [i, S, S′, `] = 1 (in particular, T1[i, S, S′, `] = 1).754

Proof. Consider a matching M ′ realizing T [i − 1, S, S′, `] = 1, and let M = M ′ ∪ {xiyi}.755

Note that cr(M) = cr(M) = `, as the edge xiyi does not intersect any edge inM ′. Moreover,756

SatM = (Xi\S)∪(Yi\S), as xi /∈ S and yi /∈ S′. Thus, we conclude that T [i, S, S′, `] = 1. J757

I Lemma 16. If there is (Q,R) ∈ C, such that T [i − 1, Q,R, ` − ovh(Q,R)] = 1, then758

T [i, S, S′, `] = 1 (in particular, T2[i, S, S′, `] = 1).759

Proof. Assume that T [i − 1, Qj , Rj′ , ` − ovh(Qj , Rj′)] = 1, and let M ′ be a matching in760

Gi−1 realizing it. Note that xj , yj′ /∈ Sat(M ′). Let M = M ′ ∪ {xjyi, xiyj′}. Observe that761

Sat(M) = (Xi \ S) ∪ (Yi \ S′). From Observation 8, the edges xjyi and xiyj′ intersect762

exactly |Xj+1,i \ S| and |Yj′+1,i \ S′| many edges in M , respectively. Moreover, xjyi and763

xiyj′ intersect each other. Recall that ovh(Qj , Rj′) = |Xj+1,i \ S|+ |Yj′+1,i \ S′| − 1. From764

the above discussions and the fact that cr(M ′) = ` − ovh(Qj , Rj′), we can conclude that765

cr(M) = `. Thus, M realizes T [i, S, S′], and hence T [i, S, S′] = 1. J766

As observed earlier, (G, k) is a yes-instance of CM-PM if and only if there is ` ∈ [k]0,767

such that T [n, ∅, ∅, `] = 1. Note that for each i ∈ [n], S ∈ SiX , S′ ∈ SiY , and ` ∈ Alwi(S, S′),768

we can compute the entry T [i, S, S′, `] in time bounded by nO(1). Moreover, the number of769

entries in our table is bounded by 2O(
√
k)nO(1) (see Lemma 3). Thus, the running time of770

the algorithm is bounded by 2O(
√
k)nO(1). The correctness of the algorithm follows from the771

correctness of base case and recursive formulae (Lemma 10 to 16). The above discussions772

lead us to the following theorem.773

I Theorem 17. Crossing-Minimizing Perfect Matching admits an algorithm running774

in time 2O(
√
k)nO(1), where n is the number of vertices in the input graph.775

3.3 Polynomial kernel for CM-PM776

In this section, we design a kernel with O(k2) vertices for CM-PM. Let (G, k) be an instance777

of CM-PM. To obtain our kernel we first bound the number of pairs (xi, yi) (called a bad778

pair), where xiyi is not an edge, by O(k). This bound is obtained by arguing that bad pairs779

contribute to edge crossings. Next, we argue that not all the vertices between two consecutive780

bad pairs is necessary, for preserving the answer. In fact, we argue that keeping O(k) vertices781

between each consecutive bad pairs is enough. This strategy leads us to a kernel with O(k2)782

vertices.783

Before moving to the formal description of our algorithm, we start by introducing some784

notations which will be useful later. Let (G, k) be an instance of CM-PM. For each i ∈ [n], if785

xiyi ∈ E(G), then we call the pair (xi, yi) a good pair, otherwise we call (xi, yi) a bad pair. A786

perfect matching M of G is said to be an optimal perfect matching of G if cr(M) 6 cr(M ′)787

for every perfect matching M ′ of G. If i = j, then we call xiyj a vertical edge, if i < j, then788

we call xiyj a left-leaning edge, and if i > j then we call xiyj a right-leaning edge.789

We first prove two lemmata that will be crucial for the correctness of our kernelization790

algorithm. The first lemma shows that every left- or right-leaning edge in a perfect matching791

of G participates in at least one crossing. Moreover, the second lemma provides a lower792

bound on the number of crossings in a perfect matching of G.793
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I Lemma 18. Let (G, k) be an instance of CM-PM. Let M ⊆ E(G) be a perfect matching794

of G such that xiyj ∈ M . Then cr(M) > |j − i|. In particular, if xiyj is a left-leaning795

edge, then it intersects at least j − i edges xrys ∈M with r > i and s < j; and if xiyj is a796

right-leaning edge, then it intersects at least i− j edges xrys ∈M with r < i and s > j.797

Proof. If i = j, then there is nothing to prove. Assume i < j. Consider the j − 1 vertices798

y1, y2, . . . , yj−1. In M , at most i− 1 of them are matched to {xr | r < i}. Therefore, at least799

(j − 1)− (i− 1) = j − i of them are matched to {xr | r > i}. That is, M contains at least800

j − i edges xrys, where r > i and s < j. Moreover, each of these edges crosses xiyj . The801

case when i > j is symmetric. J802

I Lemma 19. Let (G, k) be an instance of CM-PM and M ⊆ E(G) a perfect matching of
G. Let ML ⊆M be the set of left-leaning edges in M and MR ⊆M the set of right-leaning
edges in M . Then,

cr(M) > max





∑

xiyj∈ML

(j − i),
∑

xiyj∈MR

(i− j)



 .

Proof. As shown in the proof of Lemma 18, each edge xiyj ∈ML intersects at least (j − i)803

edges xrys with r > i and s < j. Moreover, because r > i and s < j, these (j−i) crossings are804

counted exactly once. Summing over all edges xiyj ∈M , we get cr(M) >
∑
xiyj∈ML

(j − i).805

Using symmetric arguments, we can also show that cr(M) >
∑
xiyj∈MR

(i− j). J806

We are now ready to present our kernelization algorithm. In the following we prove a807

lemma which bounds the number of bad pairs in the input instance.808

I Lemma 20. Let (G, k) be an instance of CM-PM. If G contains at least 2k + 1 bad pairs,809

then (G, k) is a no-instance.810

Proof. Assume that G contains at least 2k + 1 bad pairs. Let M be an optimal perfect811

matching of G. We shall show that cr(M) > k. Note that corresponding to every bad pair812

(xi, yi), M contains a left- or right-leaning edge xiyj . Moreover, since G contains at least813

2k+1 bad pairs, at least 2k+1 edges in M are left- or right-leaning. Then, by the pigeonhole814

principle, either at least k+ 1 of these edges are left-leaning or at least k+ 1 are right-leaning.815

Assume without loss of generality that at least k + 1 are left-leaning, and let ML ⊆M be816

the set of these left-leaning edges. Thus |ML| > k + 1 and note that for each xiyj ∈ ML,817

(j − i) > 1. By Lemma 19, cr(M) >
∑
xiyj∈ML

(j − i) > k + 1. J818

The above lemma leads us to the following reduction rule.819

Rule 1: G contains at least 2k + 1 bad pairs.
Do: Return that (G, k) is a no-instance.820

When Rule 1 is not applicable, the number of bad pairs in G is bounded by 2k. We now821

need to bound the number of good pairs. Towards that end, we introduce the following822

reduction rules.823

Rule 2: Let (xi, yi) and (xj , yj) be two consecutive bad pairs (i.e., (xr, yr) is a good
pair for every r, where i < r < j) such that j − i > 4k + 2.
Do: Delete vertices xr and yr for every r = i+ 2k + 2, i+ 2k + 3, . . . , j − 2k − 2.
Parameter: No change.

824
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Rule 3: Let (xi, yi) be the first bad pair (i.e., (xr, yr) is a good pair for every r < i) and
(xj , yj) the last bad pair (i.e., (xr, yr) is a good pair for every r > j) in G.
Do: If i > 2k+1, then delete vertices xr and yr for every r < i−2k−1. If n−j > 2k+1,
then delete vertices xr and yr for every r > j + 2k + 1.
Parameter: No change.

825

I Lemma 21. Rules 2 and 3 are safe.826

Proof. We show safeness of Rule 2 only. The proof for Rule 3 is similar. Let (G′, k′) be an827

instance obtained from (G, k) by a single application of Rule 2 with the pair of consecutive828

bad pairs (xi, yi) and (xj , yj). Note that k′ = k. We show that (G, k) is a yes-instance if829

and only if (G′, k′) is a yes-instance.830

Assume that (G, k) is a yes-instance and let M ⊆ E(G) be an optimal perfect matching831

of G. Then, cr(M) 6 k. Consider the 2k + 1 edges in M that saturate (incident to) the832

vertices xi+1, xi+2, . . . , xi+2k+1. Since cr(M) 6 k, at most 2k of these edges can participate833

in a crossing. Equivalently, at least one of these edges does not participate in any crossing.834

But every left- or right-leaning edge in M participates in at least one crossing. Therefore,835

at least one of the vertices xi+1, xi+2, . . . , xi+2k+1 is saturated by a vertical edge in M . Let836

xi′ , for some i′ ∈ {i+ 1, i+ 2, . . . , i+ 2k + 1} be that vertex. That is, xi′yi′ ∈M and xi′yi′837

does not participate in any crossing in M .838

Similarly, among the 2k+ 1 edges in M that saturate the vertices xj−1, xj−2, . . . xj−2k−1,839

at least one is a vertical edge that does not participate in any crossing. Let xj′yj′ be that840

edge for some j′ ∈ {j − 1, j − 2, . . . , j − 2k − 1}. Also, note that since j − i > 4k + 2, we841

have i+ 2k + 1 < j − 2k − 1.842

For r such that i′ < r < j′, consider the edge xrys ∈M that saturates xr. Since the two843

edges xi′yi′ and xj′yj′ do not participate in any crossing, in particular, they do not cross the844

edge xrys. Therefore, i′ < s < j′. Let M̃ ⊆ M be the set of edges in M that saturate the845

vertices xi′+1, xi′+2, . . . , xj′−1. Then, M∗ = (M \ M̃) ∪ {xryr | i′ < r < j′} is also a perfect846

matching in G with cr(M∗) 6 cr(M) 6 k. Now note that the graph G′ is obtained from G847

by deleting the vertices xr and yr for every r = i+2k+2, i+2k+3, . . . , j−2k−2. Also, note848

that i′ < i+2k+2 and j−2k−2 < j′. Therefore, M∗ \{xryr | i+ 2k + 2 6 r 6 j − 2k − 2}849

is a perfect matching of G′ with at most k crossings.850

To see the reverse direction, assume that (G′, k) is a yes-instance and letM ′ be an optimal851

matching of G′. Then, cr(M ′) 6 k. By repeating the arguments used in the forward direction,852

we can show that M ′ contains vertical edges xi′yi′ and xj′yj′ that do not participate in any853

crossing, for some i′ ∈ {i+ 1, i+ 2, . . . , i+ 2k + 1} and j′ ∈ {j − 1, j − 2, . . . , j − 2k − 1}.854

For r such that i′ < r < j′, consider the edge xrys ∈ M ′ that saturates xr. Since the855

two edges xi′yi′ and xj′yj′ do not participate in any crossing, in particular, they do not856

cross the edge xrys. Therefore, i′ < s < j′. Let M̂ ⊆ M ′ be the set of edges in M ′ that857

saturate the vertices xi′+1, xi′+2, . . . , xj′−1. Then, M ′′ = (M ′ \ M̂) ∪ {xryr | i′ < r < j′}858

is also a perfect matching with cr(M ′′) 6 cr(M ′) 6 k. Then, note that M ′′′ = M ′′ ∪859

{xryr | i+ 2k + 2 6 r 6 j − 2k − 2} is a perfect matching of G and cr(M ′′′) = cr(M ′′) 6860

k. J861

I Lemma 22. Given an instance (G, k) of CM-PM, let (G′, k) be the instance obtained862

from (G, k) by an exhaustive application of Rules 1 to 3. Then, |V (G′)| 6 (β(G)− 1)(4k +863

2) + β(G) + 4k + 2, where β(G) is the number of bad pairs in G.864

Proof. If Rule 1 is applicable, we correctly report the answer. So we assume that Rule 1 is865

not applicable. After an exhaustive application of Rules 2 and 3, between two consecutive866
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bad pairs in G′, there are at most 4k + 2 good pairs, and there are most 2k + 1 good pairs867

between (x1, y1) (including (x1, y1)) and the first bad pair, and between the last bad pair868

and (xn, yn) (including (xn, yn)). Moreover, the number of bad pairs in G′ is the same as869

the number of bad pairs in G. J870

I Theorem 23. Crossing-Minimizing Perfect Matching, parameterized by the number871

of crossings k, has a kernel of with O(k2) vertices.872

Proof. Given (G, k), if G contains at least 2k+1 bad pairs, then by Lemma 20, (G, k) is a no-873

insatnce. Otherwise, β(G) 6 2k. When none of Rules 1 to 3 apply, we have |V (G)| ∈ O(k2)874

(see Lemma 22). J875

4 NP-hardness, FPT Algorithm and Polynomial Kernel for876

Crossing-Minimizing Hamiltonian Path877

In this section, we show that CM-Ham Path is NPH, but can be solved in time 2O(
√
k log k)nO(1)878

and admits a kernel with O(k2) vertices. The problem Crossing-Minimizing Hamiltonian879

Path (CM-Ham Path) is formally defined below.880

Crossing-Minimizing Hamiltonian Path (CM-Ham Path) Parameter: k

Input: A two-layered graph G and a non-negative integer k.
Question: Does G have a Hamiltonian path with at most k crossings?

881

4.1 NP-hardness of Crossing-Minimizing Hamiltonian Path882

The NP-hardness of Crossing-Minimizing Hamiltonian Path follows from NP-hardness883

of testing if the given bipartite graph admits a Hamiltonian path. In this section, we show884

that even if the given instance (G, k) of CM-Ham Path, G admits a Hamiltonian path,885

testing if there is a Hamiltonian path in the two-layered graph G with at most k crossing is886

NP-hard. We call this problems Restricted CM-Ham Path, which is formally defined887

below.888

Restricted CM-Ham Path
Input: A two-layered graph G, which admits a Hamiltonian path, vertex bipartition X,
Y of V (G), and an integer k.
Question: Does G have a Hamiltonian path with at most k crossings?

889

To establish the NP-hardness result for Restricted CM-Ham Path, we give an890

appropriate reduction from the Bipartite-Ham Path, which is defined below.891

Bipartite-Ham Path
Input: A bipartite graph G (with maximum degree three) with vertex bipartition X,Y ,
and a vertex x∗ ∈ X.
Question: Does G admit a Hamiltonian path with x∗ as one of the end vertices?

892

The NP-hardness of Bipartite-Ham Path follows from the NP-hardness of Hamiltonian893

Path on bipartite graphs of maximum degree three [45, 46], where the goal to test if the894

given bipartite graph admits a Hamiltonian path.895

Reduction. Let (G,X, Y, x∗) be an instance of Bipartite-Ham Path. We construct a897

two-layered graph H with vertex bipartition P , Q, and an integer k such that (H,P,Q, k)898

is a yes instance of Restricted CM-Ham Path if and only if (G,X, Y, x∗) is a yes in-899

stance of Bipartite-Ham Path. We let vertices in X to be x1 = x∗, x2, . . . , xn, and900
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Figure 8 Partial construction of an instance of CM-Ham Path.896

σX = (x1, x2, . . . , xn). Similarly, we let vertices in Y to be y1, y2, . . . , yn, and σY =901

(y1, y2, . . . , yn). Initially, P = X, Q = Y , and E(H) = E(G). Next, we create sets of902

(new) vertices, Pc = {c1, c2, . . . , cn−1, cn}, Qc = {c′1, c′2, . . . , c′n−1c
′
n}, Ps = {s1, s2, . . . , st},903

and Qs = {s′1, s′2, . . . , s′t}. Here, t =
(2n−1

2
)

+ 2. We add all the vertices in Pc ∪ Ps to P ,904

and add all the vertices in Qc ∪ Qs to Q. The vertices in Pc ∪ Qc induces a path in H,905

namely, P1 = c1c
′
1c2c

′
2 . . . cn−1c

′
n−1cnc

′
n, i.e. we add all the edges in {cic′i | i ∈ [t]} ∪ {c′ici+1 |906

i ∈ [t − 1]} to E(H). Similarly, the vertices in Ps ∪ Qs induces a path in H, namely,907

P2 = s1s
′
1s2s

′
2 . . . st−1s

′
t−1sts

′
t, i.e. we add all the edges in {sis′i | i ∈ [t]}∪{s′isi+1 | i ∈ [t−1]}908

to E(H). We add the edge c′ns1 to E(H), and therefore, P1 • P2 induces a path in H. Next,909

we add all the edges in {yici, ciyi+1 | i ∈ [n − 1]} to E(H). The intuition behind adding910

these edges is to connect vertices yi and yi+1 via the vertex ci, where i ∈ [n− 1]. Similarly,911

we add all the edges in {xic′i, c′ixi+1 | i ∈ [n − 1]} to E(H). We add the edge s′tx1 = x∗912

to E(H). We also add the edge xnc′n and yncn to E(H), which will be helpful in creating913

a Hamiltonian path in H. We let σP = c0c1c2 . . . cn−1 ◦ s1s2 . . . st ◦ σX . Similarly, we let914

σQ = c′1c
′
2 . . . c

′
n ◦ s′1s′2 . . . s′t ◦ σY . Next, we place vertices in P and Q in two (distinct)915

parallel lines LP and LQ, respectively. The order in which the points in P appear in LP916

is given by σP . Similarly, the order in which the points in Q appear in LQ is given by σQ.917

This completes the description of the two-layered graph H with vertex bipartition P and Q.918

Finally, we set k =
(2n−1

2
)
.919

In what follows, we prove some lemmata that will be helpful in establishing the equivalence920

of the instances (G,X, Y, x∗) of Bipartite-Ham Path and (H,P,Q, k) of Restricted921

CM-Ham Path.922

I Observation 24. The bipartite graph H admits a Hamiltonian path.923

Proof. Let Ps = s1s
′
1s2s

′
2 . . . sts

′
t, PX = x1c

′
1x2c

′
2x3 . . . xn−1c

′
n−1xnc

′
n, and PY = cnyn924

cn−1yn−1cn−2yn−2 . . . y2c1y1 be paths in H. By construction the path Ps • (PX • PY ) is a925

Hamiltonian path in H. J926

I Lemma 25. Let (H,P,Q, k) be a yes instance of Restricted CM-Ham Path, and S927

be a Hamiltonian path in H with at most k crossings. Then, E(S) ∩ ({yicj , xic′j | i, j ∈928

[n]} ∩ E(H)) = ∅.929

Proof. Assuming a contradiction, suppose S contains an edge say, e ∈ {yicj , xic′j | i, j ∈930

[n]} ∩ E(H). Note that in H, e crosses each edge in {sis′i | i ∈ [t]} ∪ {s′isi+1) | i ∈ [t− 1]},931

where t =
(2n−1

2
)

+ 2. Moreover, for each i ∈ [t − 1], N(s′i) = {si, si+1}. Since S is a932

Hamiltonian path, it follows that |E(S) ∩ {sis′i, s′isi+1 | i ∈ [t − 1]}| > t − 1 =
(2n−1

2
)

+ 1.933

Moreover, e crosses each edge in E(S) ∩ {sis′i, s′i, si+1 | i ∈ [t− 1]}. This contradicts the fact934

that S is a Hamiltonian path in S with at most k =
(2n−1

2
)
crossings. J935
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I Lemma 26. (G,X, Y, x∗) is a yes instance of Bipartite-Ham Path if and only if936

(H,P,Q, k) is a yes instance of Restricted CM-Ham Path.937

Proof. In the forward direction let S be a Hamiltonian path in G with x∗ as the first vertex.938

Recall that P1 = c1c
′
1c2c

′
2 . . . cn−1c

′
n−1cnc

′
n and P2 = s1s

′
1s2s

′
2 . . . st−1s

′
t−1st s

′
t are paths in939

H, respectively. Furthermore, by construction we have that Z = (P1 •P2) •S is Hamiltonian940

path in H. Since S is a path in H with 2n − 1 edges, it has at most k =
(2n−1

2
)
pairwise941

crossing edges. Moreover, no edges in E(Z) \ E(S) crosses an edge in E(Z). Therefore, Z is942

a Hamiltonian path in H with at most k crossings.943

In the reverse direction, let Z be a Hamiltonian path in H with at most k crossings.944

Let E′ = {yicj , xic′j | i, j ∈ [n]} ∩ E(H). From Lemma 25 it follows that E(Z) ∩ E′ = ∅.945

Therefore, Z is a Hamiltonian path in the graph H ′ = H − E′. Observe that for each946

u ∈ (X ∪ Y ) \ {x1}, we have NH′(u) ⊆ X ∪ Y . Moreover, NH′(x1) ⊆ Y ∪ {s′t}. This implies947

that Z[(X ∪ Y ) \ {x1}] is an induced path. Note that in H ′ − {x1}, there is not path from a948

vertex in {ci, c′i | i ∈ [n]} ∪ {si, s′i | i ∈ [t]} to a vertex in {xi, yi | i ∈ [n]}. Thus Z[X ∪ Y ]949

must be an induced path in H ′, and hence in G. This concludes the proof. J950

Recall that in the construction of our reduction, for a graph G on n vertices with951

maximum degree 3 (which is an instance of Bipartite-Ham Path), we create an instance952

(H, k) of CM-Ham Path, such that k ∈ O(n2) and |V (H) +E(H)| ∈ O(n). We note that953

Bipartite-Ham Path does not admit an algorithm running in time 2o(n)nO(1) (assuming954

ETH). Thus, we obtain that CM-Ham Path does not admit an algorithm running in time955

2o(
√
k)nO(1) (assuming ETH). Also, we can obtain that, unless ETH fails, CM-Ham Path956

does not admit an algorithm running in time 2o(n+m)nO(1), where n and m are the number957

of vertices and edges in the input graph, respectively.958

4.2 Algorithm for Crossing-Minimizing Hamiltonian Path959

Let (G, k) be an instance of CM-Ham Path, with vertex bipartition X and Y . Note that960

if |X| > |Y | + 2 or |Y | > |X| + 2, then (G, k) is a no-instance, as it does not admit a961

Hamiltonian path (here we rely on the fact that G is a bipartite graph). Thus, without962

loss of generality, we assume that |X| = n, and |Y | ∈ {n − 1, n}. We will design an FPT963

algorithm for CM-Ham Path running in time 2O(
√
k log k)nO(1). Our algorithm will be a964

dynamic programming algorithm which processes the graph from left to right. That is to965

say, for each i = 1, 2, . . . , n, at stage i, we consider the graph Gi = G[Xi ∪ Yi], the graph966

induced by {x1, . . . , xi, y1, . . . , yi}, and solve a family of subproblems, the solution to one of967

which will lead to an optimal solution of the entire graph G. We will bound the number of968

sub-instances that we need to solve at each stage i, for i ∈ [n], by 2O(
√
k log k).969

We will first explain the intuition behind our algorithm. Suppose (G, k) is a yes-instance970

CM-Ham Path and let H be a Hamiltonian path in G from u∗ to v∗ with cr(H) 6 k.971

Note that in H, each vertex u ∈ V (G) \ {u∗, v∗} has degree exactly 2, while u∗ and v∗ are972

vertices of degree exactly one. Fix i ∈ [n], and consider how H saturates the “future vertices,”973

i.e., vertices in Xi+1,n ∪ Yi+1,n. Consider a future vertex, say xj for some j > i. Using the974

fact that cr(H) 6 k, we will show that H cannot have a neighbor of xj from the set Yi−k.975

Therefore, the only vertices in Xi ∪Yi that can possibly be neighbors to vertices in the future976

belong to the set Xi−k,i ∪ Yi−k,i. Now let us further refine our observation. Let S ⊆ Xi977

and S′ ⊆ Yi be the set of vertices which have at least one neighbor in H from Xi+1,n and978

Yi+1,n, respectively. (We will argue that indeed, S ⊆ Xi−k,i and S′ ⊆ Yi−k,i.) Consider979

xpyp′ ∈ E(H) and yqxq′ ∈ E(H), where p, q 6 i and p′, q′ > i+ 1. Note that the edges xpyp′980

and yqxq′ intersect each other. Thus, we can deduce that cr(H) > (|S| − 1) · (|S′| − 1). From981



A. Agrawal, G. Guśpiel, J. Madathil, S. Saurabh, M. Zehavi 23:27

= eprF (y4)
<latexit sha1_base64="4+SCLPEaWzMD0KFLZkLM8It2NeM=">AAACKnicZVBNSwMxEE38rPWr1aOXYBEUpOyKoBdBEMSjglXBLks2nbXBZLMks0pZ+lO86sVf46149YeYrT1YfRDmZeYNj3lJrqTDIBjRmdm5+YXF2lJ9eWV1bb3R3LhxprACOsIoY+8S7kDJDDooUcFdboHrRMFt8nhWzW+fwDppsmsc5BBp/pDJVAqOvhU3midl16UMcjuMz3cH8eFe3GgF7WAM9p+EE9IiE1zGTUq7PSMKDRkKxZ27D4Mco5JblELBsN4tHORcPPIHuC8wPY5KmeUFQib+zBxkXIOLyvFdQ7bjOz2WGutfhmzc/b1Rcu2qidv3BPu6Kppjv6puoJP96oPGKDdlVCaJnnaudE7YqITCF5njsF55p4ViaFiVG+tJCwLVwBPuJf40JvrccoE+3boPLfwb0X9yc9AOg3Z4ddg63Z7EVyNbZJvskpAckVNyQS5JhwjyTF7IK3mj7/SDjujnj3SGTnY2yRTo1zfFuaaQ</latexit><latexit sha1_base64="4+SCLPEaWzMD0KFLZkLM8It2NeM=">AAACKnicZVBNSwMxEE38rPWr1aOXYBEUpOyKoBdBEMSjglXBLks2nbXBZLMks0pZ+lO86sVf46149YeYrT1YfRDmZeYNj3lJrqTDIBjRmdm5+YXF2lJ9eWV1bb3R3LhxprACOsIoY+8S7kDJDDooUcFdboHrRMFt8nhWzW+fwDppsmsc5BBp/pDJVAqOvhU3midl16UMcjuMz3cH8eFe3GgF7WAM9p+EE9IiE1zGTUq7PSMKDRkKxZ27D4Mco5JblELBsN4tHORcPPIHuC8wPY5KmeUFQib+zBxkXIOLyvFdQ7bjOz2WGutfhmzc/b1Rcu2qidv3BPu6Kppjv6puoJP96oPGKDdlVCaJnnaudE7YqITCF5njsF55p4ViaFiVG+tJCwLVwBPuJf40JvrccoE+3boPLfwb0X9yc9AOg3Z4ddg63Z7EVyNbZJvskpAckVNyQS5JhwjyTF7IK3mj7/SDjujnj3SGTnY2yRTo1zfFuaaQ</latexit><latexit sha1_base64="4+SCLPEaWzMD0KFLZkLM8It2NeM=">AAACKnicZVBNSwMxEE38rPWr1aOXYBEUpOyKoBdBEMSjglXBLks2nbXBZLMks0pZ+lO86sVf46149YeYrT1YfRDmZeYNj3lJrqTDIBjRmdm5+YXF2lJ9eWV1bb3R3LhxprACOsIoY+8S7kDJDDooUcFdboHrRMFt8nhWzW+fwDppsmsc5BBp/pDJVAqOvhU3midl16UMcjuMz3cH8eFe3GgF7WAM9p+EE9IiE1zGTUq7PSMKDRkKxZ27D4Mco5JblELBsN4tHORcPPIHuC8wPY5KmeUFQib+zBxkXIOLyvFdQ7bjOz2WGutfhmzc/b1Rcu2qidv3BPu6Kppjv6puoJP96oPGKDdlVCaJnnaudE7YqITCF5njsF55p4ViaFiVG+tJCwLVwBPuJf40JvrccoE+3boPLfwb0X9yc9AOg3Z4ddg63Z7EVyNbZJvskpAckVNyQS5JhwjyTF7IK3mj7/SDjujnj3SGTnY2yRTo1zfFuaaQ</latexit><latexit sha1_base64="4+SCLPEaWzMD0KFLZkLM8It2NeM=">AAACKnicZVBNSwMxEE38rPWr1aOXYBEUpOyKoBdBEMSjglXBLks2nbXBZLMks0pZ+lO86sVf46149YeYrT1YfRDmZeYNj3lJrqTDIBjRmdm5+YXF2lJ9eWV1bb3R3LhxprACOsIoY+8S7kDJDDooUcFdboHrRMFt8nhWzW+fwDppsmsc5BBp/pDJVAqOvhU3midl16UMcjuMz3cH8eFe3GgF7WAM9p+EE9IiE1zGTUq7PSMKDRkKxZ27D4Mco5JblELBsN4tHORcPPIHuC8wPY5KmeUFQib+zBxkXIOLyvFdQ7bjOz2WGutfhmzc/b1Rcu2qidv3BPu6Kppjv6puoJP96oPGKDdlVCaJnnaudE7YqITCF5njsF55p4ViaFiVG+tJCwLVwBPuJf40JvrccoE+3boPLfwb0X9yc9AOg3Z4ddg63Z7EVyNbZJvskpAckVNyQS5JhwjyTF7IK3mj7/SDjujnj3SGTnY2yRTo1zfFuaaQ</latexit>

x1
<latexit sha1_base64="jBTpY05th4VM52Qhx779egtP9rI=">AAACGnicZVBNSwMxEE38rOu3Hr0sLYKHUnZF0GPBi8eK9gN0Kdl0tg0mmyWZFcvSn+BVL/4ab+LVi//GbO3B1gdhXmbe8JgXZ1JYDIJvurS8srq2XtnwNre2d3b39g86VueGQ5trqU0vZhakSKGNAiX0MgNMxRK68cNlOe8+grFCp7c4ziBSbJiKRHCGrnXz1A/7e7WgEUzh/yfhjNTIDK3+PqX3A81zBSlyyay9C4MMo4IZFFzCxLvPLWSMP7Ah3OWYXESFSLMcIeULMwspU2CjYnrHxD92nYGfaONeiv60+3ejYMqWE1t3BEeqLIrhqKx2rOJ6+UGtpZ0zKuJYzTuXOstNVEDuishw4pXeSS591H6Zkz8QBjjKsSPMSdxpPh8xwzi6ND0XWrgY0X/SOW2EQSO8Pqs1q7P4KuSIVMkJCck5aZIr0iJtwsmQPJMX8krf6Dv9oJ+/0iU62zkkc6BfP+VgoQg=</latexit><latexit sha1_base64="jBTpY05th4VM52Qhx779egtP9rI=">AAACGnicZVBNSwMxEE38rOu3Hr0sLYKHUnZF0GPBi8eK9gN0Kdl0tg0mmyWZFcvSn+BVL/4ab+LVi//GbO3B1gdhXmbe8JgXZ1JYDIJvurS8srq2XtnwNre2d3b39g86VueGQ5trqU0vZhakSKGNAiX0MgNMxRK68cNlOe8+grFCp7c4ziBSbJiKRHCGrnXz1A/7e7WgEUzh/yfhjNTIDK3+PqX3A81zBSlyyay9C4MMo4IZFFzCxLvPLWSMP7Ah3OWYXESFSLMcIeULMwspU2CjYnrHxD92nYGfaONeiv60+3ejYMqWE1t3BEeqLIrhqKx2rOJ6+UGtpZ0zKuJYzTuXOstNVEDuishw4pXeSS591H6Zkz8QBjjKsSPMSdxpPh8xwzi6ND0XWrgY0X/SOW2EQSO8Pqs1q7P4KuSIVMkJCck5aZIr0iJtwsmQPJMX8krf6Dv9oJ+/0iU62zkkc6BfP+VgoQg=</latexit><latexit sha1_base64="jBTpY05th4VM52Qhx779egtP9rI=">AAACGnicZVBNSwMxEE38rOu3Hr0sLYKHUnZF0GPBi8eK9gN0Kdl0tg0mmyWZFcvSn+BVL/4ab+LVi//GbO3B1gdhXmbe8JgXZ1JYDIJvurS8srq2XtnwNre2d3b39g86VueGQ5trqU0vZhakSKGNAiX0MgNMxRK68cNlOe8+grFCp7c4ziBSbJiKRHCGrnXz1A/7e7WgEUzh/yfhjNTIDK3+PqX3A81zBSlyyay9C4MMo4IZFFzCxLvPLWSMP7Ah3OWYXESFSLMcIeULMwspU2CjYnrHxD92nYGfaONeiv60+3ejYMqWE1t3BEeqLIrhqKx2rOJ6+UGtpZ0zKuJYzTuXOstNVEDuishw4pXeSS591H6Zkz8QBjjKsSPMSdxpPh8xwzi6ND0XWrgY0X/SOW2EQSO8Pqs1q7P4KuSIVMkJCck5aZIr0iJtwsmQPJMX8krf6Dv9oJ+/0iU62zkkc6BfP+VgoQg=</latexit><latexit sha1_base64="jBTpY05th4VM52Qhx779egtP9rI=">AAACGnicZVBNSwMxEE38rOu3Hr0sLYKHUnZF0GPBi8eK9gN0Kdl0tg0mmyWZFcvSn+BVL/4ab+LVi//GbO3B1gdhXmbe8JgXZ1JYDIJvurS8srq2XtnwNre2d3b39g86VueGQ5trqU0vZhakSKGNAiX0MgNMxRK68cNlOe8+grFCp7c4ziBSbJiKRHCGrnXz1A/7e7WgEUzh/yfhjNTIDK3+PqX3A81zBSlyyay9C4MMo4IZFFzCxLvPLWSMP7Ah3OWYXESFSLMcIeULMwspU2CjYnrHxD92nYGfaONeiv60+3ejYMqWE1t3BEeqLIrhqKx2rOJ6+UGtpZ0zKuJYzTuXOstNVEDuishw4pXeSS591H6Zkz8QBjjKsSPMSdxpPh8xwzi6ND0XWrgY0X/SOW2EQSO8Pqs1q7P4KuSIVMkJCck5aZIr0iJtwsmQPJMX8krf6Dv9oJ+/0iU62zkkc6BfP+VgoQg=</latexit>

y1
<latexit sha1_base64="dvxrlkFRKK5O+0rkdwTMBl3PGuQ=">AAACGnicZVBNSwMxEE3qV63fevSytAgepOyKoEfBi0dFWwvtUrLpbBuabJZkVliW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8KJXCou9/0drS8srqWn29sbG5tb2zu7fftTozHDpcS216EbMgRQIdFCihlxpgKpLwEE2vyvnDIxgrdHKPeQqhYuNExIIzdK27fBgMd1t+25/D+0+CirRIhZvhHqWDkeaZggS5ZNb2Az/FsGAGBZcwawwyCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeUeuM/JibdxL0Jt3f28UTNlyYk8cwYkqi2I4KavNVXRSflBraReMiihSi86lznITFpC5IlKcNUrvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzYYLLfgb0X/SPW0Hfju4PWtdNqv46uSQNMkxCcg5uSTX5IZ0CCdj8kSeyQt9pW/0nX78SGu02jkgC6Cf3+cWoQk=</latexit><latexit sha1_base64="dvxrlkFRKK5O+0rkdwTMBl3PGuQ=">AAACGnicZVBNSwMxEE3qV63fevSytAgepOyKoEfBi0dFWwvtUrLpbBuabJZkVliW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8KJXCou9/0drS8srqWn29sbG5tb2zu7fftTozHDpcS216EbMgRQIdFCihlxpgKpLwEE2vyvnDIxgrdHKPeQqhYuNExIIzdK27fBgMd1t+25/D+0+CirRIhZvhHqWDkeaZggS5ZNb2Az/FsGAGBZcwawwyCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeUeuM/JibdxL0Jt3f28UTNlyYk8cwYkqi2I4KavNVXRSflBraReMiihSi86lznITFpC5IlKcNUrvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzYYLLfgb0X/SPW0Hfju4PWtdNqv46uSQNMkxCcg5uSTX5IZ0CCdj8kSeyQt9pW/0nX78SGu02jkgC6Cf3+cWoQk=</latexit><latexit sha1_base64="dvxrlkFRKK5O+0rkdwTMBl3PGuQ=">AAACGnicZVBNSwMxEE3qV63fevSytAgepOyKoEfBi0dFWwvtUrLpbBuabJZkVliW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8KJXCou9/0drS8srqWn29sbG5tb2zu7fftTozHDpcS216EbMgRQIdFCihlxpgKpLwEE2vyvnDIxgrdHKPeQqhYuNExIIzdK27fBgMd1t+25/D+0+CirRIhZvhHqWDkeaZggS5ZNb2Az/FsGAGBZcwawwyCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeUeuM/JibdxL0Jt3f28UTNlyYk8cwYkqi2I4KavNVXRSflBraReMiihSi86lznITFpC5IlKcNUrvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzYYLLfgb0X/SPW0Hfju4PWtdNqv46uSQNMkxCcg5uSTX5IZ0CCdj8kSeyQt9pW/0nX78SGu02jkgC6Cf3+cWoQk=</latexit><latexit sha1_base64="dvxrlkFRKK5O+0rkdwTMBl3PGuQ=">AAACGnicZVBNSwMxEE3qV63fevSytAgepOyKoEfBi0dFWwvtUrLpbBuabJZkVliW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8KJXCou9/0drS8srqWn29sbG5tb2zu7fftTozHDpcS216EbMgRQIdFCihlxpgKpLwEE2vyvnDIxgrdHKPeQqhYuNExIIzdK27fBgMd1t+25/D+0+CirRIhZvhHqWDkeaZggS5ZNb2Az/FsGAGBZcwawwyCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeUeuM/JibdxL0Jt3f28UTNlyYk8cwYkqi2I4KavNVXRSflBraReMiihSi86lznITFpC5IlKcNUrvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzYYLLfgb0X/SPW0Hfju4PWtdNqv46uSQNMkxCcg5uSTX5IZ0CCdj8kSeyQt9pW/0nX78SGu02jkgC6Cf3+cWoQk=</latexit>

y2
<latexit sha1_base64="KBcFxYT15y1HklKYZa1Rn29kkaY=">AAACGnicZVBNSwMxEE38rPVbj16WFsGDlN0i6FHw4lHR1kK7lGw624YmmyWZFZalP8GrXvw13sSrF/+N2boHqw/CvMy84TEvSqWw6PtfdGl5ZXVtvbZR39za3tnd2z/oWp0ZDh2upTa9iFmQIoEOCpTQSw0wFUl4iKZX5fzhEYwVOrnHPIVQsXEiYsEZutZdPmwP95p+y5/D+0+CijRJhZvhPqWDkeaZggS5ZNb2Az/FsGAGBZcwqw8yCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeceuM/JibdxL0Jt3f28UTNlyYk8dwYkqi2I4KavNVXRaflBraReMiihSi86lznITFpC5IlKc1UvvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzboLLfgb0X/SbbcCvxXcnjUvG1V8NXJEGuSEBOScXJJrckM6hJMxeSLP5IW+0jf6Tj9+pEu02jkkC6Cf3+jKoQo=</latexit><latexit sha1_base64="KBcFxYT15y1HklKYZa1Rn29kkaY=">AAACGnicZVBNSwMxEE38rPVbj16WFsGDlN0i6FHw4lHR1kK7lGw624YmmyWZFZalP8GrXvw13sSrF/+N2boHqw/CvMy84TEvSqWw6PtfdGl5ZXVtvbZR39za3tnd2z/oWp0ZDh2upTa9iFmQIoEOCpTQSw0wFUl4iKZX5fzhEYwVOrnHPIVQsXEiYsEZutZdPmwP95p+y5/D+0+CijRJhZvhPqWDkeaZggS5ZNb2Az/FsGAGBZcwqw8yCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeceuM/JibdxL0Jt3f28UTNlyYk8dwYkqi2I4KavNVXRaflBraReMiihSi86lznITFpC5IlKc1UvvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzboLLfgb0X/SbbcCvxXcnjUvG1V8NXJEGuSEBOScXJJrckM6hJMxeSLP5IW+0jf6Tj9+pEu02jkkC6Cf3+jKoQo=</latexit><latexit sha1_base64="KBcFxYT15y1HklKYZa1Rn29kkaY=">AAACGnicZVBNSwMxEE38rPVbj16WFsGDlN0i6FHw4lHR1kK7lGw624YmmyWZFZalP8GrXvw13sSrF/+N2boHqw/CvMy84TEvSqWw6PtfdGl5ZXVtvbZR39za3tnd2z/oWp0ZDh2upTa9iFmQIoEOCpTQSw0wFUl4iKZX5fzhEYwVOrnHPIVQsXEiYsEZutZdPmwP95p+y5/D+0+CijRJhZvhPqWDkeaZggS5ZNb2Az/FsGAGBZcwqw8yCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeceuM/JibdxL0Jt3f28UTNlyYk8dwYkqi2I4KavNVXRaflBraReMiihSi86lznITFpC5IlKc1UvvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzboLLfgb0X/SbbcCvxXcnjUvG1V8NXJEGuSEBOScXJJrckM6hJMxeSLP5IW+0jf6Tj9+pEu02jkkC6Cf3+jKoQo=</latexit><latexit sha1_base64="KBcFxYT15y1HklKYZa1Rn29kkaY=">AAACGnicZVBNSwMxEE38rPVbj16WFsGDlN0i6FHw4lHR1kK7lGw624YmmyWZFZalP8GrXvw13sSrF/+N2boHqw/CvMy84TEvSqWw6PtfdGl5ZXVtvbZR39za3tnd2z/oWp0ZDh2upTa9iFmQIoEOCpTQSw0wFUl4iKZX5fzhEYwVOrnHPIVQsXEiYsEZutZdPmwP95p+y5/D+0+CijRJhZvhPqWDkeaZggS5ZNb2Az/FsGAGBZcwqw8yCynjUzaGfobxRViIJM0QEv5nZiFhCmxYzO+YeceuM/JibdxL0Jt3f28UTNlyYk8dwYkqi2I4KavNVXRaflBraReMiihSi86lznITFpC5IlKc1UvvOJMeaq/MyRsJAxxl7ghzEneaxyfMMI4uzboLLfgb0X/SbbcCvxXcnjUvG1V8NXJEGuSEBOScXJJrckM6hJMxeSLP5IW+0jf6Tj9+pEu02jkkC6Cf3+jKoQo=</latexit>

x2
<latexit sha1_base64="gygIJ9ms/ZY1Hkdd9EK/Bp44d/k=">AAACGnicZVBNSwMxEE3qd/1q9ehlaRE8lLIrgh4LXjwq2g9ol5JNp20w2SzJrFiW/gSvevHXeBOvXvw3ZmsPtn0Q5mXmDY95USKFRd//oYW19Y3Nre2d4u7e/sFhqXzUsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjh6v83n7CYwVOn7ASQKhYqNYDAVn6Fr3z/3zfqnq1/0ZvFUSzEmVzHHbL1PaG2ieKoiRS2ZtN/ATDDNmUHAJ02IvtZAw/shG0E1xeBVmIk5ShJgvzSzETIENs9kdU+/UdQbeUBv3YvRm3f8bGVM2n9iaIzhWeVEMx3m1ExXV8g9qLe2CURZFatE511luwgxSV0SC02LuPUylh9rLc/IGwgBHOXGEOYk7zeNjZhhHl2bRhRYsR7RKWuf1wK8HdxfVRmUe3zY5IRVyRgJySRrkhtySJuFkRF7IK3mj7/SDftKvP2mBzneOyQLo9y/nFKEJ</latexit><latexit sha1_base64="gygIJ9ms/ZY1Hkdd9EK/Bp44d/k=">AAACGnicZVBNSwMxEE3qd/1q9ehlaRE8lLIrgh4LXjwq2g9ol5JNp20w2SzJrFiW/gSvevHXeBOvXvw3ZmsPtn0Q5mXmDY95USKFRd//oYW19Y3Nre2d4u7e/sFhqXzUsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjh6v83n7CYwVOn7ASQKhYqNYDAVn6Fr3z/3zfqnq1/0ZvFUSzEmVzHHbL1PaG2ieKoiRS2ZtN/ATDDNmUHAJ02IvtZAw/shG0E1xeBVmIk5ShJgvzSzETIENs9kdU+/UdQbeUBv3YvRm3f8bGVM2n9iaIzhWeVEMx3m1ExXV8g9qLe2CURZFatE511luwgxSV0SC02LuPUylh9rLc/IGwgBHOXGEOYk7zeNjZhhHl2bRhRYsR7RKWuf1wK8HdxfVRmUe3zY5IRVyRgJySRrkhtySJuFkRF7IK3mj7/SDftKvP2mBzneOyQLo9y/nFKEJ</latexit><latexit sha1_base64="gygIJ9ms/ZY1Hkdd9EK/Bp44d/k=">AAACGnicZVBNSwMxEE3qd/1q9ehlaRE8lLIrgh4LXjwq2g9ol5JNp20w2SzJrFiW/gSvevHXeBOvXvw3ZmsPtn0Q5mXmDY95USKFRd//oYW19Y3Nre2d4u7e/sFhqXzUsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjh6v83n7CYwVOn7ASQKhYqNYDAVn6Fr3z/3zfqnq1/0ZvFUSzEmVzHHbL1PaG2ieKoiRS2ZtN/ATDDNmUHAJ02IvtZAw/shG0E1xeBVmIk5ShJgvzSzETIENs9kdU+/UdQbeUBv3YvRm3f8bGVM2n9iaIzhWeVEMx3m1ExXV8g9qLe2CURZFatE511luwgxSV0SC02LuPUylh9rLc/IGwgBHOXGEOYk7zeNjZhhHl2bRhRYsR7RKWuf1wK8HdxfVRmUe3zY5IRVyRgJySRrkhtySJuFkRF7IK3mj7/SDftKvP2mBzneOyQLo9y/nFKEJ</latexit><latexit sha1_base64="gygIJ9ms/ZY1Hkdd9EK/Bp44d/k=">AAACGnicZVBNSwMxEE3qd/1q9ehlaRE8lLIrgh4LXjwq2g9ol5JNp20w2SzJrFiW/gSvevHXeBOvXvw3ZmsPtn0Q5mXmDY95USKFRd//oYW19Y3Nre2d4u7e/sFhqXzUsjo1HJpcS206EbMgRQxNFCihkxhgKpLQjh6v83n7CYwVOn7ASQKhYqNYDAVn6Fr3z/3zfqnq1/0ZvFUSzEmVzHHbL1PaG2ieKoiRS2ZtN/ATDDNmUHAJ02IvtZAw/shG0E1xeBVmIk5ShJgvzSzETIENs9kdU+/UdQbeUBv3YvRm3f8bGVM2n9iaIzhWeVEMx3m1ExXV8g9qLe2CURZFatE511luwgxSV0SC02LuPUylh9rLc/IGwgBHOXGEOYk7zeNjZhhHl2bRhRYsR7RKWuf1wK8HdxfVRmUe3zY5IRVyRgJySRrkhtySJuFkRF7IK3mj7/SDftKvP2mBzneOyQLo9y/nFKEJ</latexit>

= eprF(y3)
<latexit sha1_base64="6PVZQyu4BERD6TiufEpmLLl87TM=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuY3Pdgbxwe4wrjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGy2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvCmqaP</latexit><latexit sha1_base64="6PVZQyu4BERD6TiufEpmLLl87TM=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuY3Pdgbxwe4wrjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGy2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvCmqaP</latexit><latexit sha1_base64="6PVZQyu4BERD6TiufEpmLLl87TM=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuY3Pdgbxwe4wrjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGy2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvCmqaP</latexit><latexit sha1_base64="6PVZQyu4BERD6TiufEpmLLl87TM=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuY3Pdgbxwe4wrjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGy2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvCmqaP</latexit>

x3 = u⇤
<latexit sha1_base64="TzH52jrwKaaPK6A7vYNJNHeke9Y=">AAACHnicZVBNSwMxEE3qd/1q9ehlsQgiUnZV0ItQ8OJRwdpCu5ZsOm1Dk82SzIpl6Y/wqhd/jTfxqv/GbO3B2gdhXmbe8JgXJVJY9P1vWlhYXFpeWV0rrm9sbm2Xyjv3VqeGQ51rqU0zYhakiKGOAiU0EwNMRRIa0fAqnzcewVih4zscJRAq1o9FT3CGrtV46pxepg9HnVLFr/oTePMkmJIKmeKmU6a03dU8VRAjl8zaVuAnGGbMoOASxsV2aiFhfMj60EqxdxFmIk5ShJj/m1mImQIbZpNbxt6B63S9njbuxehNun83MqZsPrHHjuBA5UUxHOTVjlR0nH9Qa2lnjLIoUrPOuc5yE2aQuiISHBdz714qPdRenpXXFQY4ypEjzEncaR4fMMM4ukSLLrTgf0Tz5P6kGvjV4PasUtufxrdK9sg+OSQBOSc1ck1uSJ1wMiTP5IW80jf6Tj/o56+0QKc7u2QG9OsHmlCibA==</latexit><latexit sha1_base64="TzH52jrwKaaPK6A7vYNJNHeke9Y=">AAACHnicZVBNSwMxEE3qd/1q9ehlsQgiUnZV0ItQ8OJRwdpCu5ZsOm1Dk82SzIpl6Y/wqhd/jTfxqv/GbO3B2gdhXmbe8JgXJVJY9P1vWlhYXFpeWV0rrm9sbm2Xyjv3VqeGQ51rqU0zYhakiKGOAiU0EwNMRRIa0fAqnzcewVih4zscJRAq1o9FT3CGrtV46pxepg9HnVLFr/oTePMkmJIKmeKmU6a03dU8VRAjl8zaVuAnGGbMoOASxsV2aiFhfMj60EqxdxFmIk5ShJj/m1mImQIbZpNbxt6B63S9njbuxehNun83MqZsPrHHjuBA5UUxHOTVjlR0nH9Qa2lnjLIoUrPOuc5yE2aQuiISHBdz714qPdRenpXXFQY4ypEjzEncaR4fMMM4ukSLLrTgf0Tz5P6kGvjV4PasUtufxrdK9sg+OSQBOSc1ck1uSJ1wMiTP5IW80jf6Tj/o56+0QKc7u2QG9OsHmlCibA==</latexit><latexit sha1_base64="TzH52jrwKaaPK6A7vYNJNHeke9Y=">AAACHnicZVBNSwMxEE3qd/1q9ehlsQgiUnZV0ItQ8OJRwdpCu5ZsOm1Dk82SzIpl6Y/wqhd/jTfxqv/GbO3B2gdhXmbe8JgXJVJY9P1vWlhYXFpeWV0rrm9sbm2Xyjv3VqeGQ51rqU0zYhakiKGOAiU0EwNMRRIa0fAqnzcewVih4zscJRAq1o9FT3CGrtV46pxepg9HnVLFr/oTePMkmJIKmeKmU6a03dU8VRAjl8zaVuAnGGbMoOASxsV2aiFhfMj60EqxdxFmIk5ShJj/m1mImQIbZpNbxt6B63S9njbuxehNun83MqZsPrHHjuBA5UUxHOTVjlR0nH9Qa2lnjLIoUrPOuc5yE2aQuiISHBdz714qPdRenpXXFQY4ypEjzEncaR4fMMM4ukSLLrTgf0Tz5P6kGvjV4PasUtufxrdK9sg+OSQBOSc1ck1uSJ1wMiTP5IW80jf6Tj/o56+0QKc7u2QG9OsHmlCibA==</latexit><latexit sha1_base64="TzH52jrwKaaPK6A7vYNJNHeke9Y=">AAACHnicZVBNSwMxEE3qd/1q9ehlsQgiUnZV0ItQ8OJRwdpCu5ZsOm1Dk82SzIpl6Y/wqhd/jTfxqv/GbO3B2gdhXmbe8JgXJVJY9P1vWlhYXFpeWV0rrm9sbm2Xyjv3VqeGQ51rqU0zYhakiKGOAiU0EwNMRRIa0fAqnzcewVih4zscJRAq1o9FT3CGrtV46pxepg9HnVLFr/oTePMkmJIKmeKmU6a03dU8VRAjl8zaVuAnGGbMoOASxsV2aiFhfMj60EqxdxFmIk5ShJj/m1mImQIbZpNbxt6B63S9njbuxehNun83MqZsPrHHjuBA5UUxHOTVjlR0nH9Qa2lnjLIoUrPOuc5yE2aQuiISHBdz714qPdRenpXXFQY4ypEjzEncaR4fMMM4ukSLLrTgf0Tz5P6kGvjV4PasUtufxrdK9sg+OSQBOSc1ck1uSJ1wMiTP5IW80jf6Tj/o56+0QKc7u2QG9OsHmlCibA==</latexit>

= eprF (x3)
<latexit sha1_base64="F//8YLuq/dgPAIQljuO5WOVJY60=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIIgnhUsCrYZcmmszaYbJZkVi1Lf4pXvfhrvIlXf4jZ2oPVB2FeZt7wmJfkSjoMgg86MTk1PTM7N19bWFxaXqk3Vq+cKayAtjDK2JuEO1AygzZKVHCTW+A6UXCd3J9U8+sHsE6a7BL7OUSa32UylYKjb8X1xlHZcSmD3A7i062neG87rjeDVjAE+0/CEWmSEc7jBqWdrhGFhgyF4s7dhkGOUcktSqFgUOsUDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5fCuAdv0nS5LjfUvQzbs/t4ouXbVxO14gj1dFc2xV1XX18lO9UFjlBszKpNEjztXOidsVELhi8xxUKu800IxNKzKjXWlBYGq7wn3En8aEz1uuUCfbs2HFv6N6D+52m2FQSu82G8eb4zimyPrZINskZAckGNyRs5JmwjySJ7JC3mlb/SdftDPH+kEHe2skTHQr2/CTaaO</latexit><latexit sha1_base64="F//8YLuq/dgPAIQljuO5WOVJY60=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIIgnhUsCrYZcmmszaYbJZkVi1Lf4pXvfhrvIlXf4jZ2oPVB2FeZt7wmJfkSjoMgg86MTk1PTM7N19bWFxaXqk3Vq+cKayAtjDK2JuEO1AygzZKVHCTW+A6UXCd3J9U8+sHsE6a7BL7OUSa32UylYKjb8X1xlHZcSmD3A7i062neG87rjeDVjAE+0/CEWmSEc7jBqWdrhGFhgyF4s7dhkGOUcktSqFgUOsUDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5fCuAdv0nS5LjfUvQzbs/t4ouXbVxO14gj1dFc2xV1XX18lO9UFjlBszKpNEjztXOidsVELhi8xxUKu800IxNKzKjXWlBYGq7wn3En8aEz1uuUCfbs2HFv6N6D+52m2FQSu82G8eb4zimyPrZINskZAckGNyRs5JmwjySJ7JC3mlb/SdftDPH+kEHe2skTHQr2/CTaaO</latexit><latexit sha1_base64="F//8YLuq/dgPAIQljuO5WOVJY60=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIIgnhUsCrYZcmmszaYbJZkVi1Lf4pXvfhrvIlXf4jZ2oPVB2FeZt7wmJfkSjoMgg86MTk1PTM7N19bWFxaXqk3Vq+cKayAtjDK2JuEO1AygzZKVHCTW+A6UXCd3J9U8+sHsE6a7BL7OUSa32UylYKjb8X1xlHZcSmD3A7i062neG87rjeDVjAE+0/CEWmSEc7jBqWdrhGFhgyF4s7dhkGOUcktSqFgUOsUDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5fCuAdv0nS5LjfUvQzbs/t4ouXbVxO14gj1dFc2xV1XX18lO9UFjlBszKpNEjztXOidsVELhi8xxUKu800IxNKzKjXWlBYGq7wn3En8aEz1uuUCfbs2HFv6N6D+52m2FQSu82G8eb4zimyPrZINskZAckGNyRs5JmwjySJ7JC3mlb/SdftDPH+kEHe2skTHQr2/CTaaO</latexit><latexit sha1_base64="F//8YLuq/dgPAIQljuO5WOVJY60=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0V9CIIgnhUsCrYZcmmszaYbJZkVi1Lf4pXvfhrvIlXf4jZ2oPVB2FeZt7wmJfkSjoMgg86MTk1PTM7N19bWFxaXqk3Vq+cKayAtjDK2JuEO1AygzZKVHCTW+A6UXCd3J9U8+sHsE6a7BL7OUSa32UylYKjb8X1xlHZcSmD3A7i062neG87rjeDVjAE+0/CEWmSEc7jBqWdrhGFhgyF4s7dhkGOUcktSqFgUOsUDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5fCuAdv0nS5LjfUvQzbs/t4ouXbVxO14gj1dFc2xV1XX18lO9UFjlBszKpNEjztXOidsVELhi8xxUKu800IxNKzKjXWlBYGq7wn3En8aEz1uuUCfbs2HFv6N6D+52m2FQSu82G8eb4zimyPrZINskZAckGNyRs5JmwjySJ7JC3mlb/SdftDPH+kEHe2skTHQr2/CTaaO</latexit>

y3
<latexit sha1_base64="xuk+f/vSvu+1He4B+G7JOE5Kwrk=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquCnoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9qv1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm7P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/qfqEL</latexit><latexit sha1_base64="xuk+f/vSvu+1He4B+G7JOE5Kwrk=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquCnoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9qv1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm7P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/qfqEL</latexit><latexit sha1_base64="xuk+f/vSvu+1He4B+G7JOE5Kwrk=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquCnoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9qv1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm7P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/qfqEL</latexit><latexit sha1_base64="xuk+f/vSvu+1He4B+G7JOE5Kwrk=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquCnoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9qv1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm7P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/qfqEL</latexit>

y4
<latexit sha1_base64="KTjejegZ1xtYkCQwdqWfBuarZCo=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXCnosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3NerjcoivgI5IxVyQQJyTRrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/sMqEM</latexit><latexit sha1_base64="KTjejegZ1xtYkCQwdqWfBuarZCo=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXCnosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3NerjcoivgI5IxVyQQJyTRrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/sMqEM</latexit><latexit sha1_base64="KTjejegZ1xtYkCQwdqWfBuarZCo=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXCnosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3NerjcoivgI5IxVyQQJyTRrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/sMqEM</latexit><latexit sha1_base64="KTjejegZ1xtYkCQwdqWfBuarZCo=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXCnosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3NerjcoivgI5IxVyQQJyTRrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/sMqEM</latexit>

= eprF (x1)
<latexit sha1_base64="zHu0LROJR65okdqVzPp8PoMqOx0=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9CIUBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjeOy61IGuR3GpztPcbgb15tBKxiB/SfhmDTJGOdxg9Juz4hCQ4ZCceduwyDHqOQWpVAwrHULBzkX9/wObgtMj6JSZnmBkIk/MwcZ1+CicnTXkG37To+lxvqXIRt1f2+UXLtq4vY8wb6uiubYr6ob6GSv+qAxyk0YlUmiJ50rnRM2KqHwReY4rFXeaaEYGlblxnrSgkA18IR7iT+NiT63XKBPt+ZDC/9G9J9c7bfCoBVeHDTbW+P4Fsgm2SI7JCSHpE3OyDnpEEEeyTN5Ia/0jb7TD/r5I52i450NMgH69Q2+46aM</latexit><latexit sha1_base64="zHu0LROJR65okdqVzPp8PoMqOx0=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9CIUBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjeOy61IGuR3GpztPcbgb15tBKxiB/SfhmDTJGOdxg9Juz4hCQ4ZCceduwyDHqOQWpVAwrHULBzkX9/wObgtMj6JSZnmBkIk/MwcZ1+CicnTXkG37To+lxvqXIRt1f2+UXLtq4vY8wb6uiubYr6ob6GSv+qAxyk0YlUmiJ50rnRM2KqHwReY4rFXeaaEYGlblxnrSgkA18IR7iT+NiT63XKBPt+ZDC/9G9J9c7bfCoBVeHDTbW+P4Fsgm2SI7JCSHpE3OyDnpEEEeyTN5Ia/0jb7TD/r5I52i450NMgH69Q2+46aM</latexit><latexit sha1_base64="zHu0LROJR65okdqVzPp8PoMqOx0=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9CIUBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjeOy61IGuR3GpztPcbgb15tBKxiB/SfhmDTJGOdxg9Juz4hCQ4ZCceduwyDHqOQWpVAwrHULBzkX9/wObgtMj6JSZnmBkIk/MwcZ1+CicnTXkG37To+lxvqXIRt1f2+UXLtq4vY8wb6uiubYr6ob6GSv+qAxyk0YlUmiJ50rnRM2KqHwReY4rFXeaaEYGlblxnrSgkA18IR7iT+NiT63XKBPt+ZDC/9G9J9c7bfCoBVeHDTbW+P4Fsgm2SI7JCSHpE3OyDnpEEEeyTN5Ia/0jb7TD/r5I52i450NMgH69Q2+46aM</latexit><latexit sha1_base64="zHu0LROJR65okdqVzPp8PoMqOx0=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9CIUBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjeOy61IGuR3GpztPcbgb15tBKxiB/SfhmDTJGOdxg9Juz4hCQ4ZCceduwyDHqOQWpVAwrHULBzkX9/wObgtMj6JSZnmBkIk/MwcZ1+CicnTXkG37To+lxvqXIRt1f2+UXLtq4vY8wb6uiubYr6ob6GSv+qAxyk0YlUmiJ50rnRM2KqHwReY4rFXeaaEYGlblxnrSgkA18IR7iT+NiT63XKBPt+ZDC/9G9J9c7bfCoBVeHDTbW+P4Fsgm2SI7JCSHpE3OyDnpEEEeyTN5Ia/0jb7TD/r5I52i450NMgH69Q2+46aM</latexit>

x4
<latexit sha1_base64="plzr03NRrQHwXaWaazNuAfCkSwc=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrBT0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr1r181oZX4Uckho5JiE5JefkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvqfKEL</latexit><latexit sha1_base64="plzr03NRrQHwXaWaazNuAfCkSwc=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrBT0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr1r181oZX4Uckho5JiE5JefkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvqfKEL</latexit><latexit sha1_base64="plzr03NRrQHwXaWaazNuAfCkSwc=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrBT0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr1r181oZX4Uckho5JiE5JefkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvqfKEL</latexit><latexit sha1_base64="plzr03NRrQHwXaWaazNuAfCkSwc=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrBT0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr1r181oZX4Uckho5JiE5JefkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvqfKEL</latexit>

x5
<latexit sha1_base64="xlREM+SJxWrmMKlZxHJ1wa2QuUA=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXFD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7DChDA==</latexit><latexit sha1_base64="xlREM+SJxWrmMKlZxHJ1wa2QuUA=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXFD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7DChDA==</latexit><latexit sha1_base64="xlREM+SJxWrmMKlZxHJ1wa2QuUA=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXFD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7DChDA==</latexit><latexit sha1_base64="xlREM+SJxWrmMKlZxHJ1wa2QuUA=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXFD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7DChDA==</latexit>

x6
<latexit sha1_base64="j/PL7z/yRdqRAuwY0siPdnY+OO8=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXRD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7eShDQ==</latexit><latexit sha1_base64="j/PL7z/yRdqRAuwY0siPdnY+OO8=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXRD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7eShDQ==</latexit><latexit sha1_base64="j/PL7z/yRdqRAuwY0siPdnY+OO8=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXRD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7eShDQ==</latexit><latexit sha1_base64="j/PL7z/yRdqRAuwY0siPdnY+OO8=">AAACGnicZVBNSwMxEE3qV62f1aOXpUXwIGVXRD0KXjxWtB/QLiWbTtvQZLMks2JZ+hO86sVf4028evHfmK092PogzMvMGx7zokQKi77/TQsrq2vrG8XN0tb2zu7efvmgaXVqODS4ltq0I2ZBihgaKFBCOzHAVCShFY1v8nnrEYwVOn7ASQKhYsNYDARn6Fr3T72L3n7Vr/kzeP9JMCdVMke9V6a029c8VRAjl8zaTuAnGGbMoOASpqVuaiFhfMyG0ElxcBVmIk5ShJgvzSzETIENs9kdU+/YdfreQBv3YvRm3b8bGVM2n9hTR3Ck8qIYjvJqJyo6zT+otbQLRlkUqUXnXGe5CTNIXREJTku59yCVHmovz8nrCwMc5cQR5iTuNI+PmGEcXZolF1qwHNF/0jyrBX4tuDuvXlfm8RXJEamQExKQS3JNbkmdNAgnQ/JMXsgrfaPv9IN+/koLdL5zSBZAv34A7eShDQ==</latexit>

= eprF (x2)
<latexit sha1_base64="kXF83abSwfl5OvM1asAewk/+ulQ=">AAACKnicZVBNSwMxEE38tn61evQSLIKClN0i6EUQBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjaOy61IGuR3GpztPcXs3rjeDVjAC+0/CMWmSMc7jBqXdnhGFhgyF4s7dhkGOUcktSqFgWOsWDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+5arfCoBVe7DePt8bxLZBNskV2SEgOyDE5I+ekQwR5JM/khbzSN/pOP+jnj3SKjnc2yATo1zfAmKaN</latexit><latexit sha1_base64="kXF83abSwfl5OvM1asAewk/+ulQ=">AAACKnicZVBNSwMxEE38tn61evQSLIKClN0i6EUQBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjaOy61IGuR3GpztPcXs3rjeDVjAC+0/CMWmSMc7jBqXdnhGFhgyF4s7dhkGOUcktSqFgWOsWDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+5arfCoBVe7DePt8bxLZBNskV2SEgOyDE5I+ekQwR5JM/khbzSN/pOP+jnj3SKjnc2yATo1zfAmKaN</latexit><latexit sha1_base64="kXF83abSwfl5OvM1asAewk/+ulQ=">AAACKnicZVBNSwMxEE38tn61evQSLIKClN0i6EUQBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjaOy61IGuR3GpztPcXs3rjeDVjAC+0/CMWmSMc7jBqXdnhGFhgyF4s7dhkGOUcktSqFgWOsWDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+5arfCoBVe7DePt8bxLZBNskV2SEgOyDE5I+ekQwR5JM/khbzSN/pOP+jnj3SKjnc2yATo1zfAmKaN</latexit><latexit sha1_base64="kXF83abSwfl5OvM1asAewk/+ulQ=">AAACKnicZVBNSwMxEE38tn61evQSLIKClN0i6EUQBPGoYFWwy5JNZ20w2SzJrFqW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF85U1gBHWGUsTcJd6BkBh2UqOAmt8B1ouA6uT+p5tcPYJ002SUOcog0v8tkKgVH34rrjaOy61IGuR3GpztPcXs3rjeDVjAC+0/CMWmSMc7jBqXdnhGFhgyF4s7dhkGOUcktSqFgWOsWDnIu7vkd3BaYHkalzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+5arfCoBVe7DePt8bxLZBNskV2SEgOyDE5I+ekQwR5JM/khbzSN/pOP+jnj3SKjnc2yATo1zfAmKaN</latexit>

= eprF (y6)
<latexit sha1_base64="8x6ESQSkqr6D62uU0SkrAz02zW4=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9SIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuR3GZzuD+HA3rjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGi2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvJI6aS</latexit><latexit sha1_base64="8x6ESQSkqr6D62uU0SkrAz02zW4=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9SIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuR3GZzuD+HA3rjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGi2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvJI6aS</latexit><latexit sha1_base64="8x6ESQSkqr6D62uU0SkrAz02zW4=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9SIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuR3GZzuD+HA3rjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGi2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvJI6aS</latexit><latexit sha1_base64="8x6ESQSkqr6D62uU0SkrAz02zW4=">AAACKnicZVBNSwMxEE38tn61evQSLIKClF0R9SIUBPGoYFWwy5JNZ20w2SzJrFKW/hSvevHXeBOv/hCztQerD8K8zLzhMS/JlXQYBB90anpmdm5+YbG2tLyyulZvrF87U1gBHWGUsbcJd6BkBh2UqOA2t8B1ouAmeTit5jePYJ002RUOcog0v89kKgVH34rrjZOy61IGuR3GZzuD+HA3rjeDVjAC+0/CMWmSMS7iBqXdnhGFhgyF4s7dhUGOUcktSqFgWOsWDnIuHvg93BWYHkelzPICIRN/Zg4yrsFF5eiuIdv2nR5LjfUvQzbq/t4ouXbVxO15gn1dFc2xX1U30Mle9UFjlJswKpNETzpXOidsVELhi8xxWKu800IxNKzKjfWkBYFq4An3En8aE31uuUCfbs2HFv6N6D+53m+FQSu8PGi2t8bxLZBNskV2SEiOSJuckwvSIYI8kWfyQl7pG32nH/TzRzpFxzsbZAL06xvJI6aS</latexit>

y6
<latexit sha1_base64="cHLF85O3TkgKKnQLAyScK/QeV4I=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquiHoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9av1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm9P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/vmqEO</latexit><latexit sha1_base64="cHLF85O3TkgKKnQLAyScK/QeV4I=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquiHoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9av1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm9P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/vmqEO</latexit><latexit sha1_base64="cHLF85O3TkgKKnQLAyScK/QeV4I=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquiHoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9av1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm9P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/vmqEO</latexit><latexit sha1_base64="cHLF85O3TkgKKnQLAyScK/QeV4I=">AAACGnicZVBNSwMxEE38rOtX1aOXpUXwUMquiHoUvHisaKvQLiWbzrbBZLMks0JZ+hO86sVf4028evHfmK092PogzMvMGx7z4kwKi0HwTZeWV1bX1isb3ubW9s5udW+/Y3VuOLS5lto8xMyCFCm0UaCEh8wAU7GE+/jxqpzfP4GxQqd3OM4gUmyYikRwhq51O+6f9av1oBlM4f8n4YzUyQyt/h6lvYHmuYIUuWTWdsMgw6hgBgWXMPF6uYWM8Uc2hG6OyUVUiDTLEVK+MLOQMgU2KqZ3TPwj1xn4iTbupehPu383CqZsObENR3CkyqIYjspqxypulB/UWto5oyKO1bxzqbPcRAXkrogMJ17pneTSR+2XOfkDYYCjHDvCnMSd5vMRM4yjS9NzoYWLEf0nnZNmGDTDm9P6ZW0WX4Uckho5JiE5J5fkmrRIm3AyJM/khbzSN/pOP+jnr3SJznYOyBzo1w/vmqEO</latexit>

xn
<latexit sha1_base64="wmZ/8UiEsArm+p5BpRLBsmINApY=">AAACHHicZVDLSgNBEJyJrxhfUY9elgTBQwi7IuhR8OIxglFBlzA76SRD5rHM9IphyTd41Ytf4028Cv6Ns3EPJhYMXdNdTdGVpFI4DMNvWllaXlldq67XNja3tnfqu3s3zmSWQ5cbaexdwhxIoaGLAiXcpRaYSiTcJuOLYn77CNYJo69xkkKs2FCLgeAMfav71Mv1tFdvhu1whuA/iUrSJCU6vV1KH/qGZwo0csmcu4/CFOOcWRRcwrT2kDlIGR+zIdxnODiLc6HTDEHzhZkDzRS4OJ9dMg0OfacfDIz1T2Mw6/7dyJlyxcS1PMGRKopiOCqqm6ikVXzQGOnmjPIkUfPOhc5xG+eQ+SJSnNYK70EmAzRBkVTQFxY4yoknzEv8aQEfMcs4+jxrPrRoMaL/5Oa4HYXt6Oqked4o46uSA9IgRyQip+ScXJIO6RJOBHkmL+SVvtF3+kE/f6UVWu7skznQrx9BFaJR</latexit><latexit sha1_base64="wmZ/8UiEsArm+p5BpRLBsmINApY=">AAACHHicZVDLSgNBEJyJrxhfUY9elgTBQwi7IuhR8OIxglFBlzA76SRD5rHM9IphyTd41Ytf4028Cv6Ns3EPJhYMXdNdTdGVpFI4DMNvWllaXlldq67XNja3tnfqu3s3zmSWQ5cbaexdwhxIoaGLAiXcpRaYSiTcJuOLYn77CNYJo69xkkKs2FCLgeAMfav71Mv1tFdvhu1whuA/iUrSJCU6vV1KH/qGZwo0csmcu4/CFOOcWRRcwrT2kDlIGR+zIdxnODiLc6HTDEHzhZkDzRS4OJ9dMg0OfacfDIz1T2Mw6/7dyJlyxcS1PMGRKopiOCqqm6ikVXzQGOnmjPIkUfPOhc5xG+eQ+SJSnNYK70EmAzRBkVTQFxY4yoknzEv8aQEfMcs4+jxrPrRoMaL/5Oa4HYXt6Oqked4o46uSA9IgRyQip+ScXJIO6RJOBHkmL+SVvtF3+kE/f6UVWu7skznQrx9BFaJR</latexit><latexit sha1_base64="wmZ/8UiEsArm+p5BpRLBsmINApY=">AAACHHicZVDLSgNBEJyJrxhfUY9elgTBQwi7IuhR8OIxglFBlzA76SRD5rHM9IphyTd41Ytf4028Cv6Ns3EPJhYMXdNdTdGVpFI4DMNvWllaXlldq67XNja3tnfqu3s3zmSWQ5cbaexdwhxIoaGLAiXcpRaYSiTcJuOLYn77CNYJo69xkkKs2FCLgeAMfav71Mv1tFdvhu1whuA/iUrSJCU6vV1KH/qGZwo0csmcu4/CFOOcWRRcwrT2kDlIGR+zIdxnODiLc6HTDEHzhZkDzRS4OJ9dMg0OfacfDIz1T2Mw6/7dyJlyxcS1PMGRKopiOCqqm6ikVXzQGOnmjPIkUfPOhc5xG+eQ+SJSnNYK70EmAzRBkVTQFxY4yoknzEv8aQEfMcs4+jxrPrRoMaL/5Oa4HYXt6Oqked4o46uSA9IgRyQip+ScXJIO6RJOBHkmL+SVvtF3+kE/f6UVWu7skznQrx9BFaJR</latexit><latexit sha1_base64="wmZ/8UiEsArm+p5BpRLBsmINApY=">AAACHHicZVDLSgNBEJyJrxhfUY9elgTBQwi7IuhR8OIxglFBlzA76SRD5rHM9IphyTd41Ytf4028Cv6Ns3EPJhYMXdNdTdGVpFI4DMNvWllaXlldq67XNja3tnfqu3s3zmSWQ5cbaexdwhxIoaGLAiXcpRaYSiTcJuOLYn77CNYJo69xkkKs2FCLgeAMfav71Mv1tFdvhu1whuA/iUrSJCU6vV1KH/qGZwo0csmcu4/CFOOcWRRcwrT2kDlIGR+zIdxnODiLc6HTDEHzhZkDzRS4OJ9dMg0OfacfDIz1T2Mw6/7dyJlyxcS1PMGRKopiOCqqm6ikVXzQGOnmjPIkUfPOhc5xG+eQ+SJSnNYK70EmAzRBkVTQFxY4yoknzEv8aQEfMcs4+jxrPrRoMaL/5Oa4HYXt6Oqked4o46uSA9IgRyQip+ScXJIO6RJOBHkmL+SVvtF3+kE/f6UVWu7skznQrx9BFaJR</latexit>

yn
<latexit sha1_base64="Zp9txTgddYtQpA3pitEcDncPbUw=">AAACHHicZVDLSgNBEJzxGddn9OhlMQgeJOyKoEfBi8cI5gFxCbOTjhmcxzLTKyxLvsGrXvwab+JV8G+cjTkYUzB0TXc1RVeaSeEwir7p0vLK6tp6bSPY3Nre2d2r73ecyS2HNjfS2F7KHEihoY0CJfQyC0ylErrp43U17z6BdcLoOywySBR70GIkOEPfaheDUk8Ge42oGU0RLpJ4RhpkhtagTun90PBcgUYumXP9OMowKZlFwSVMgvvcQcb4I3uAfo6jy6QUOssRNP83c6CZApeU00sm4bHvDMORsf5pDKfdvxslU66auFNPcKyqohiOq+oKlZ5WHzRGujmjMk3VvHOlc9wmJeS+iAwnQeU9ymWIJqySCofCAkdZeMK8xJ8W8jGzjKPPM/Chxf8jWiSds2YcNePb88bV0Sy+GjkkR+SExOSCXJEb0iJtwokgz+SFvNI3+k4/6OevdInOdg7IHOjXD0LNolI=</latexit><latexit sha1_base64="Zp9txTgddYtQpA3pitEcDncPbUw=">AAACHHicZVDLSgNBEJzxGddn9OhlMQgeJOyKoEfBi8cI5gFxCbOTjhmcxzLTKyxLvsGrXvwab+JV8G+cjTkYUzB0TXc1RVeaSeEwir7p0vLK6tp6bSPY3Nre2d2r73ecyS2HNjfS2F7KHEihoY0CJfQyC0ylErrp43U17z6BdcLoOywySBR70GIkOEPfaheDUk8Ge42oGU0RLpJ4RhpkhtagTun90PBcgUYumXP9OMowKZlFwSVMgvvcQcb4I3uAfo6jy6QUOssRNP83c6CZApeU00sm4bHvDMORsf5pDKfdvxslU66auFNPcKyqohiOq+oKlZ5WHzRGujmjMk3VvHOlc9wmJeS+iAwnQeU9ymWIJqySCofCAkdZeMK8xJ8W8jGzjKPPM/Chxf8jWiSds2YcNePb88bV0Sy+GjkkR+SExOSCXJEb0iJtwokgz+SFvNI3+k4/6OevdInOdg7IHOjXD0LNolI=</latexit><latexit sha1_base64="Zp9txTgddYtQpA3pitEcDncPbUw=">AAACHHicZVDLSgNBEJzxGddn9OhlMQgeJOyKoEfBi8cI5gFxCbOTjhmcxzLTKyxLvsGrXvwab+JV8G+cjTkYUzB0TXc1RVeaSeEwir7p0vLK6tp6bSPY3Nre2d2r73ecyS2HNjfS2F7KHEihoY0CJfQyC0ylErrp43U17z6BdcLoOywySBR70GIkOEPfaheDUk8Ge42oGU0RLpJ4RhpkhtagTun90PBcgUYumXP9OMowKZlFwSVMgvvcQcb4I3uAfo6jy6QUOssRNP83c6CZApeU00sm4bHvDMORsf5pDKfdvxslU66auFNPcKyqohiOq+oKlZ5WHzRGujmjMk3VvHOlc9wmJeS+iAwnQeU9ymWIJqySCofCAkdZeMK8xJ8W8jGzjKPPM/Chxf8jWiSds2YcNePb88bV0Sy+GjkkR+SExOSCXJEb0iJtwokgz+SFvNI3+k4/6OevdInOdg7IHOjXD0LNolI=</latexit><latexit sha1_base64="Zp9txTgddYtQpA3pitEcDncPbUw=">AAACHHicZVDLSgNBEJzxGddn9OhlMQgeJOyKoEfBi8cI5gFxCbOTjhmcxzLTKyxLvsGrXvwab+JV8G+cjTkYUzB0TXc1RVeaSeEwir7p0vLK6tp6bSPY3Nre2d2r73ecyS2HNjfS2F7KHEihoY0CJfQyC0ylErrp43U17z6BdcLoOywySBR70GIkOEPfaheDUk8Ge42oGU0RLpJ4RhpkhtagTun90PBcgUYumXP9OMowKZlFwSVMgvvcQcb4I3uAfo6jy6QUOssRNP83c6CZApeU00sm4bHvDMORsf5pDKfdvxslU66auFNPcKyqohiOq+oKlZ5WHzRGujmjMk3VvHOlc9wmJeS+iAwnQeU9ymWIJqySCofCAkdZeMK8xJ8W8jGzjKPPM/Chxf8jWiSds2YcNePb88bV0Sy+GjkkR+SExOSCXJEb0iJtwokgz+SFvNI3+k4/6OevdInOdg7IHOjXD0LNolI=</latexit>

x7
<latexit sha1_base64="Y/ED3BwKia1BsqrLENzTL82Nagk=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrQj0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr07r57Uyvgo5JDVyTELSIufkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvvmKEO</latexit><latexit sha1_base64="Y/ED3BwKia1BsqrLENzTL82Nagk=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrQj0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr07r57Uyvgo5JDVyTELSIufkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvvmKEO</latexit><latexit sha1_base64="Y/ED3BwKia1BsqrLENzTL82Nagk=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrQj0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr07r57Uyvgo5JDVyTELSIufkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvvmKEO</latexit><latexit sha1_base64="Y/ED3BwKia1BsqrLENzTL82Nagk=">AAACGnicZVBNSwMxEE38rOtn9ehlaRE8lLIrQj0KXjxWtFWwS8mm0zY02SzJrFiW/gSvevHXeBOvXvw3ZuserD4I8zLzhse8OJXCYhB80aXlldW19cqGt7m1vbO7V93vWp0ZDh2upTZ3MbMgRQIdFCjhLjXAVCzhNp5cFPPbBzBW6OQGpylEio0SMRScoWtdP/Zb/b160Azm8P+TsCR1UqLdr1LaG2ieKUiQS2btfRikGOXMoOASZl4vs5AyPmEjuM9weBblIkkzhIT/mVlImAIb5fM7Zv6R6wz8oTbuJejPu783cqZsMbENR3CsiqIYjotqpypuFB/UWtoFozyO1aJzobPcRDlkrogUZ17hPcykj9ovcvIHwgBHOXWEOYk7zedjZhhHl6bnQgv/RvSfdE+aYdAMr07r57Uyvgo5JDVyTELSIufkkrRJh3AyIk/kmbzQV/pG3+nHj3SJljsHZAH08xvvmKEO</latexit>

y7
<latexit sha1_base64="QsKeXxYjy29d/fDCwzP0UxlvXFw=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXhHosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3F9XG5VFfAVyRirkggSkThrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/xTqEP</latexit><latexit sha1_base64="QsKeXxYjy29d/fDCwzP0UxlvXFw=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXhHosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3F9XG5VFfAVyRirkggSkThrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/xTqEP</latexit><latexit sha1_base64="QsKeXxYjy29d/fDCwzP0UxlvXFw=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXhHosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3F9XG5VFfAVyRirkggSkThrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/xTqEP</latexit><latexit sha1_base64="QsKeXxYjy29d/fDCwzP0UxlvXFw=">AAACGnicZVBNSwMxEE38rPWr1aOXpUXwIGVXhHosePFY0X5Au5RsOm2DyWZJZoWy9Cd41Yu/xpt49eK/MVt7sO2DMC8zb3jMixIpLPr+D93Y3Nre2S3sFfcPDo+OS+WTttWp4dDiWmrTjZgFKWJooUAJ3cQAU5GETvR0m887z2Cs0PEjThMIFRvHYiQ4Q9d6mA7qg1LVr/lzeOskWJAqWaA5KFPaH2qeKoiRS2ZtL/ATDDNmUHAJs2I/tZAw/sTG0EtxdBNmIk5ShJivzCzETIENs/kdM+/cdYbeSBv3YvTm3f8bGVM2n9hLR3Ci8qIYTvJqpyq6zD+otbRLRlkUqWXnXGe5CTNIXREJzoq59yiVHmovz8kbCgMc5dQR5iTuNI9PmGEcXZpFF1qwGtE6aV/VAr8W3F9XG5VFfAVyRirkggSkThrkjjRJi3AyJi/klbzRd/pBP+nXn3SDLnZOyRLo9y/xTqEP</latexit>

y5 = v⇤
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Figure 9 An illustration of a fragmented path set F in the graph G6. The colored (other than
black) vertices are the vertices from the set ImpEpt(F ), and the vertices from ImpEpt(F ) colored the
same correspond to the “pairings” given by the function eprF .
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the above discussions we can conclude that at most one of S, S′ can be of size at least
√
k+ 2982

(otherwise, we will have cr(H) > k). Indeed we will argue that the sizes of both S and S′,983

can be bounded by O(
√
k), each. Thus, we can “guess” the sets S and S′, for each i ∈ [n],984

in time bounded by 2O(
√
k log k). We note that the above step can also achieved by using the985

notion of “distinct-part” partitions, that we used in our FPT algorithm for CM-PM. But for986

the case of CM-Ham Path, this does not offer any significant improvement in the running987

time (the reason will be clear, when we explain from the dominant factor in the running time988

of our algorithm).989

As was defined earlier, the subsets S and S′ of Xi and Yi, respectively, are vertices with990

at least one neighbor in the future. Note that some vertices from S ∪ S′ have exactly one991

neighbor from the future, while others have two neighbors from the future. To define the992

states of our algorithm, we need to exactly know, which vertices from S ∪ S′ have exactly993

one neighbor and which among them have exactly two neighbors, from the future. Thus, in994

our algorithm we will have pairs of subsets of Xi and Yi, which will be determine the vertices995

we just described.996

Note that H, when restricted to the graph Gi, is a collection of disconnected paths. In997

order to complete these disconnected paths to a Hamiltonian path of the whole graph, we998

need to remember how the endpoints of the currently “incomplete” H looks like in, the999

current graph, Gi. Remembering these endpoints seems to be crucial, in order to obtain a1000

Hamiltonian path and to avoid creating cycles. As only O(k) vertices have neighbors from1001

the “future”, there are at most O(k) paths (which are sub-paths of H), whose endpoints1002

need to be remembered, in the current graph Gi. To remember these “endpoints”, we need1003

to spend at least 2O(
√
k log k) time. (This is the dominant factor in the running time of our1004

algorithm.)1005

We start by giving some notations and preliminary results that will be helpful in designing1006

our algorithm.1007

Notations and Preliminary Results1008

We will assume that 2 6 |Y | 6 |X|, as otherwise, the problem is polynomial time solvable.1009

Also, we assume that either |X| = |Y | = n, or |X| = n and |Y | = n − 1. We note that if1010

|Y | = n− 1, then Yn = Yn−1. Furthermore, for j ∈ [n− 1], Yj,n = Yj,n−1. Throughout the1011

section, we will only be seeking for a Hamiltonian path from u∗ to v∗ in G, with at most k1012

crossings.1013
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A (u∗, v∗)-fragmented path set (or simply, a fragmented path set) in Gi, is a subgraph1017

of Gi, with V (F ) = V (Gi) and E(F ) ⊆ E(Gi), such that each connected component of1018

F is a path, u∗ and v∗ are of degree at most one in F , and u∗v∗ /∈ E(F ). Note that1019

in a fragmented path set, the degree of a vertex belongs to the set {0, 1, 2}. Consider a1020

fragmented path set F in Gi, for i ∈ [n]. For r ∈ {0, 1, 2}, by Satir(F ), we denote the1021

set of vertices of degree exactly r in F , i.e., {v ∈ V (Gi) | dF (v) = r}. For a connected1022

component P of F , by ept1(P ) and ept2(P ), we denote the two end vertices of P (possibly1023

ept1(P ) = ept2(P )). We will define a set of “important” endpoints of F . In our algorithm1024

components which are of size at least 2 and components containing u∗ or v∗ will be particularly1025

important. This leads us to the following definition. Let ImpEpt(F ) = {ept1(P ), ept2(P ) |1026

P is a connected component of F with at least 2 vertices or P contains u∗ or v∗} (see Fig-1027

ure 9). We define a function which pairs up the endpoints of paths in the components1028

of F . We let eprF : ImpEpt(F ) → ImpEpt(F ), such that eprF (ept1(P )) = ept2(P ) and1029

eprF (ept2(P )) = ept1(P ).1030

Some important sets for the algorithm. Recall our assumption |X| = n and |Y | ∈ {n−1031

1, n}. For i ∈ [n], we let X̂i = {xi−k+` | ` ∈ [k]0 and i− k + ` > 1} and Ŷi = {yi−k+` | ` ∈1032

[k]0 and i− k+ ` > 1}. We note that in the above definition, we have ` ∈ [k]0 (in contrast to1033

` ∈ [k] in a similar definition from Section 3.2). This is used to cater for the condition that1034

sizes of X and Y need not be the same (they can differ by at most one). Roughly speaking,1035

we will argue that in any Hamiltonian path, say H in G, with cr(H) 6 k, the vertices from1036

Xi (resp. Yi) which are a neighbor to a vertex ys (resp. xs) in H, where s > i+ 1, belong to1037

the set X̂i (resp. Ŷi).1038

We will now associate costs to vertices (and subsets) of X̂i (resp. Ŷi), which will be1039

helpful in obtaining lower bounds on the number of crossings, the when vertices from X̂i1040

(resp. Ŷi) are adjacent to vertices ys (resp. xs), where s > i+ 1. To this end, consider i ∈ [n]1041

and a vertex xr ∈ X̂i. We let csti(xr) = i+ 1− r. Since xr ∈ X̂i, we have r 6 i, and thus,1042

csti(xr) > 1. For a subset Q ⊆ X̂i, we let csti(Q) =
∑
x∈Q csti(x). Similarly, for i ∈ [n]1043

and a vertex yr ∈ Ŷi, we let csti(yr) = i+ 1− r > 1. Moreover, for a subset Q ⊆ Ŷi, we let1044

csti(Q) =
∑
y∈Q csti(y). We note that, for each i ∈ [n], we have csti(∅) = 0.1045

Now we will introduce some “special” sets of pairs of subsets of X̂i and Ŷi, respectively,1046

for each i ∈ [n]. These sets will be crucially used while creating the sub-instances in1047

our dynamic programming based algorithm. For i ∈ [n], let SiX = {(S1, S2) | S1 ⊆1048

X̂i, S2 ⊆ X̂i \ {u∗, v∗}, S1 ∩ S2 = ∅, and |S1| + |S2| 6 2
√
k}. Similarly, for i ∈ [n], let1049

SiY = {(S′1, S′2) | S′1 ⊆ Ŷi, S
′
2 ⊆ Ŷi \ {u∗, v∗}, S′1 ∩ S′2 = ∅, and |S′1| + |S′2| 6 2

√
k}. In the1050

following observation, we state a result regarding the bounds on the size and the time required1051

for the computation of SiX and SiY , which easily follows from their definitions.1052

I Observation 27. For each i ∈ [n], the sizes and the times required for the computation of1053

SiX and SiY are bounded by 2O(
√
k log k).1054

Proof. The proof follows from the fact that |X̂i|, |Ŷi| 6 k + 1. J1055

In the following we state an observation regarding the sets SiX and SiY , which will be1056

useful later.1057

I Observation 28. Consider i ∈ [n]. Let Q ⊆ X̂i, such that csti(Q) 6 2k. Then, for any1058

Q1 ⊆ Q, Q2 ⊆ Q \ ({u∗, v∗} ∪Q1), we have (Q1, Q2) ∈ SiX . Similarly, let Q′ ⊆ Ŷi, such that1059

csti(Q′) 6 k. Then, for any Q′1 ⊆ Q′, Q′2 ⊆ Q′ \ ({u∗, v∗} ∪Q′1), we have (Q′1, Q′2) ∈ SiY .1060
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u⇤
<latexit sha1_base64="J3FHwivurJRo1gYW1IZbyPH4sK0=">AAACGnicZVBNSwMxEE38rPWr1aOXxaKIlLIrgh4LXjxWtB9QV8mm0zaYbJZkVihLf4JXvfhrvIlXL/4bs7UH2z4I8zLzhse8KJHCou//0KXlldW19cJGcXNre2e3VN5rWZ0aDk2upTadiFmQIoYmCpTQSQwwFUloR09X+bz9DMYKHd/hKIFQsUEs+oIzdK3b9OH0sVTxa/4E3iIJpqRCpmg8lim972meKoiRS2ZtN/ATDDNmUHAJ4+J9aiFh/IkNoJti/zLMRJykCDGfm1mImQIbZpM7xt6R6/S8vjbuxehNuv83MqZsPrFVR3Co8qIYDvNqRyqq5h/UWtoZoyyK1KxzrrPchBmkrogEx8Xcu59KD7WX5+T1hAGOcuQIcxJ3mseHzDCOLs2iCy2Yj2iRtM5qgV8Lbs4r9eNpfAVyQA7JCQnIBamTa9IgTcLJgLyQV/JG3+kH/aRff9IlOt3ZJzOg37/T0aEB</latexit><latexit sha1_base64="J3FHwivurJRo1gYW1IZbyPH4sK0=">AAACGnicZVBNSwMxEE38rPWr1aOXxaKIlLIrgh4LXjxWtB9QV8mm0zaYbJZkVihLf4JXvfhrvIlXL/4bs7UH2z4I8zLzhse8KJHCou//0KXlldW19cJGcXNre2e3VN5rWZ0aDk2upTadiFmQIoYmCpTQSQwwFUloR09X+bz9DMYKHd/hKIFQsUEs+oIzdK3b9OH0sVTxa/4E3iIJpqRCpmg8lim972meKoiRS2ZtN/ATDDNmUHAJ4+J9aiFh/IkNoJti/zLMRJykCDGfm1mImQIbZpM7xt6R6/S8vjbuxehNuv83MqZsPrFVR3Co8qIYDvNqRyqq5h/UWtoZoyyK1KxzrrPchBmkrogEx8Xcu59KD7WX5+T1hAGOcuQIcxJ3mseHzDCOLs2iCy2Yj2iRtM5qgV8Lbs4r9eNpfAVyQA7JCQnIBamTa9IgTcLJgLyQV/JG3+kH/aRff9IlOt3ZJzOg37/T0aEB</latexit><latexit sha1_base64="J3FHwivurJRo1gYW1IZbyPH4sK0=">AAACGnicZVBNSwMxEE38rPWr1aOXxaKIlLIrgh4LXjxWtB9QV8mm0zaYbJZkVihLf4JXvfhrvIlXL/4bs7UH2z4I8zLzhse8KJHCou//0KXlldW19cJGcXNre2e3VN5rWZ0aDk2upTadiFmQIoYmCpTQSQwwFUloR09X+bz9DMYKHd/hKIFQsUEs+oIzdK3b9OH0sVTxa/4E3iIJpqRCpmg8lim972meKoiRS2ZtN/ATDDNmUHAJ4+J9aiFh/IkNoJti/zLMRJykCDGfm1mImQIbZpM7xt6R6/S8vjbuxehNuv83MqZsPrFVR3Co8qIYDvNqRyqq5h/UWtoZoyyK1KxzrrPchBmkrogEx8Xcu59KD7WX5+T1hAGOcuQIcxJ3mseHzDCOLs2iCy2Yj2iRtM5qgV8Lbs4r9eNpfAVyQA7JCQnIBamTa9IgTcLJgLyQV/JG3+kH/aRff9IlOt3ZJzOg37/T0aEB</latexit><latexit sha1_base64="J3FHwivurJRo1gYW1IZbyPH4sK0=">AAACGnicZVBNSwMxEE38rPWr1aOXxaKIlLIrgh4LXjxWtB9QV8mm0zaYbJZkVihLf4JXvfhrvIlXL/4bs7UH2z4I8zLzhse8KJHCou//0KXlldW19cJGcXNre2e3VN5rWZ0aDk2upTadiFmQIoYmCpTQSQwwFUloR09X+bz9DMYKHd/hKIFQsUEs+oIzdK3b9OH0sVTxa/4E3iIJpqRCpmg8lim972meKoiRS2ZtN/ATDDNmUHAJ4+J9aiFh/IkNoJti/zLMRJykCDGfm1mImQIbZpM7xt6R6/S8vjbuxehNuv83MqZsPrFVR3Co8qIYDvNqRyqq5h/UWtoZoyyK1KxzrrPchBmkrogEx8Xcu59KD7WX5+T1hAGOcuQIcxJ3mseHzDCOLs2iCy2Yj2iRtM5qgV8Lbs4r9eNpfAVyQA7JCQnIBamTa9IgTcLJgLyQV/JG3+kH/aRff9IlOt3ZJzOg37/T0aEB</latexit>

Yn
<latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit><latexit sha1_base64="MzbeOpOkS//rGKvm89tXd5k6uzM=">AAACGnicZVA9SwNBEN31M8avREubw6BYhHAngpYBG0tFo5F4hL3NJFmyH8funBCO/ARbbfw1dmJr479xL6Yw+mCZtzNveMxLUikchuEXXVhcWl5ZLa2V1zc2t7Yr1Z1bZzLLocWNNLadMAdSaGihQAnt1AJTiYS7ZHRezO8ewTph9A2OU4gVG2jRF5yhb13fd3W3Ugsb4RTBfxLNSI3McNmtUvrQMzxToJFL5lwnClOMc2ZRcAmT8kPmIGV8xAbQybB/FudCpxmC5n9mDjRT4OJ8esckOPCdXtA31j+NwbT7eyNnyhUTV/cEh6ooiuGwqG6sknrxQWOkmzPKk0TNOxc6x22cQ+aLSHFSLrz7mQzQBEVOQU9Y4CjHnjAv8acFfMgs4+jTLPvQor8R/Se3x40obERXJ7Xm4Sy+Etkj++SIROSUNMkFuSQtwsmAPJFn8kJf6Rt9px8/0gU629klc6Cf3xl9oSo=</latexit>Yi

<latexit sha1_base64="Js8uXK565FHeFp/rRCxoNvXAUq4=">AAACGnicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhUtFppl5JNp21oslmSWaEs/Qle9eKv8SZevfhvzNY92PogzMvMGx7zokQKi77/TZeWV1bX1ksb5c2t7Z3dSnXv3urUcGhxLbVpR8yCFDG0UKCEdmKAqUjCQzS+zOcPT2Cs0PEdThIIFRvGYiA4Q9e6feyJXqXmN/wZvP8kKEiNFLjuVSnt9jVPFcTIJbO2E/gJhhkzKLiEabmbWkgYH7MhdFIcXISZiJMUIeYLMwsxU2DDbHbH1Dtynb430Ma9GL1Z9+9GxpTNJ7buCI5UXhTDUV7tREX1/INaSztnlEWRmnfOdZabMIPUFZHgtJx7D1LpofbynLy+MMBRThxhTuJO8/iIGcbRpVl2oQWLEf0n96eNwG8EN2e15nERX4kckENyQgJyTprkilyTFuFkSJ7JC3mlb/SdftDPX+kSLXb2yRzo1w8Q+aEl</latexit><latexit sha1_base64="Js8uXK565FHeFp/rRCxoNvXAUq4=">AAACGnicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhUtFppl5JNp21oslmSWaEs/Qle9eKv8SZevfhvzNY92PogzMvMGx7zokQKi77/TZeWV1bX1ksb5c2t7Z3dSnXv3urUcGhxLbVpR8yCFDG0UKCEdmKAqUjCQzS+zOcPT2Cs0PEdThIIFRvGYiA4Q9e6feyJXqXmN/wZvP8kKEiNFLjuVSnt9jVPFcTIJbO2E/gJhhkzKLiEabmbWkgYH7MhdFIcXISZiJMUIeYLMwsxU2DDbHbH1Dtynb430Ma9GL1Z9+9GxpTNJ7buCI5UXhTDUV7tREX1/INaSztnlEWRmnfOdZabMIPUFZHgtJx7D1LpofbynLy+MMBRThxhTuJO8/iIGcbRpVl2oQWLEf0n96eNwG8EN2e15nERX4kckENyQgJyTprkilyTFuFkSJ7JC3mlb/SdftDPX+kSLXb2yRzo1w8Q+aEl</latexit><latexit sha1_base64="Js8uXK565FHeFp/rRCxoNvXAUq4=">AAACGnicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhUtFppl5JNp21oslmSWaEs/Qle9eKv8SZevfhvzNY92PogzMvMGx7zokQKi77/TZeWV1bX1ksb5c2t7Z3dSnXv3urUcGhxLbVpR8yCFDG0UKCEdmKAqUjCQzS+zOcPT2Cs0PEdThIIFRvGYiA4Q9e6feyJXqXmN/wZvP8kKEiNFLjuVSnt9jVPFcTIJbO2E/gJhhkzKLiEabmbWkgYH7MhdFIcXISZiJMUIeYLMwsxU2DDbHbH1Dtynb430Ma9GL1Z9+9GxpTNJ7buCI5UXhTDUV7tREX1/INaSztnlEWRmnfOdZabMIPUFZHgtJx7D1LpofbynLy+MMBRThxhTuJO8/iIGcbRpVl2oQWLEf0n96eNwG8EN2e15nERX4kckENyQgJyTprkilyTFuFkSJ7JC3mlb/SdftDPX+kSLXb2yRzo1w8Q+aEl</latexit><latexit sha1_base64="Js8uXK565FHeFp/rRCxoNvXAUq4=">AAACGnicZVBNSwMxEE38rPWr1aOXxaJ4KGVXBD0WvHhUtFppl5JNp21oslmSWaEs/Qle9eKv8SZevfhvzNY92PogzMvMGx7zokQKi77/TZeWV1bX1ksb5c2t7Z3dSnXv3urUcGhxLbVpR8yCFDG0UKCEdmKAqUjCQzS+zOcPT2Cs0PEdThIIFRvGYiA4Q9e6feyJXqXmN/wZvP8kKEiNFLjuVSnt9jVPFcTIJbO2E/gJhhkzKLiEabmbWkgYH7MhdFIcXISZiJMUIeYLMwsxU2DDbHbH1Dtynb430Ma9GL1Z9+9GxpTNJ7buCI5UXhTDUV7tREX1/INaSztnlEWRmnfOdZabMIPUFZHgtJx7D1LpofbynLy+MMBRThxhTuJO8/iIGcbRpVl2oQWLEf0n96eNwG8EN2e15nERX4kckENyQgJyTprkilyTFuFkSJ7JC3mlb/SdftDPX+kSLXb2yRzo1w8Q+aEl</latexit>

Figure 10 An illustration of the connected components of the fragmented path set F of H. The
blue and red vertices are the vertices from sets S1 ∪ S′1 and S2 ∪ S′2, respectively.

1072

1073

Proof. We only prove the first statement. The proof of the second statement can be obtained1061

by following similar arguments. Note that it is enough to show that |Q| 6 2
√
k. If Q = ∅, then1062

the claim trivially follows. Thus, we assume that Q 6= ∅. Let P = {csti(x) | x ∈ Q}. Note that1063

P is a partition of an integer α 6 2k. Also, distinct xj , xj′ ∈ Q, we have csti(xj) 6= csti(xj′).1064

Hence, P is a distinct-part partition of α 6 2k. We will show that |P| 6 2
√
k, which is1065

enough to establish the claim. Towards a contradiction, assume that |P| > 2
√
k + 1. Let1066

P = {β1, β2, · · · , β`}, where 1 6 β1 < β2 <, · · · , < β`−1 < β` 6 2k (recall that P is a distinct1067

part partition, so no two elements in it are the same). Thus, we can obtain that βr > r, for1068

each r ∈ [`]. The above statement together with our assumption that ` > 2
√
k + 1, implies1069

that
∑
r∈[`] βr >

∑
r∈[`] r > (2

√
k+1)(2

√
k+2)/2. Hence,

∑
r∈[`] βr > (4k+6

√
k+2)/2 > 2k.1070

This contradicts that P is a distinct-part partition of α, where α 6 2k. J1071

For each i ∈ [n], S ∈ SiX , and S′ ∈ SiX , we will define a set of pairing function F i(S, S′).1074

Roughly speaking, F i(S, S′) will give us a set of potential endpoints belonging to X̂i ∪ Ŷi, of1075

the connected components of the fragmented path set F of H, when restricted to vertices in1076

Xi ∪ Yi (see Figure 10 for an intuitive illustration of such components and their endpoints).1077

Consider i ∈ [n], S = (S1, S2) ∈ SiX and S′ = (S′1, S′2) ∈ SiX . We let F i(S, S′) be the set1078

injective functions epr : S1∪S′1∪ (V (Gi)∩{u∗, v∗})→ S1∪S′1∪ (V (Gi)∩{u∗, v∗}), such that1079

the following conditions are satisfied: 1) for u, v ∈ S1 ∪S′1 ∪ (V (Gi)∩ {u∗, v∗}), if v = epr(u),1080

then u = epr(v), 2) for u ∈ {u∗, v∗} ∩ (S1 ∪ S′1), we have epr(u) = u, and 3) epr(u∗) = v∗, if1081

and only if S1 ∪ S2 ∪ S′1 ∪ S′2 = ∅ and i = n.1082

In the following observation, we state a result regarding a bound on the size and the time1083

required for the computation of F i(S, S′), which easily follows from its definition.1084

I Observation 29. Consider i ∈ [n], S ∈ SiX , and S′ ∈ SiX . Then, the size and the time1085

required for the computation of F i(S, S′) is bounded by 2O(
√
k log k).1086

We will now associate a set of integers to every pair (S, S′) ∈ SiX × SiY , for each i ∈ [n].1087

Intuitively speaking, these sets of integers will give the “allowed” number of crossings for1088

the fragmented path set Fi, which is the graph H restricted to vertices of Gi. Consider1089

i ∈ [n], S = (S1, S2) ∈ SiX , and S′ = (S′1, S′2) ∈ SiY . We set Alwi(S, S′) = {` ∈ [k]0 | ` 61090

k −max{csti(S1) + 2 · csti(S2), csti(S′1) + 2 · csti(S′2)}.1091
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Next, we will prove few observations regarding fragmented path sets in Gi. To this end,1092

we first define the notion of a “compatible” fragmented path set.1093

IDefinition 30. Consider i ∈ [n], S = (S1, S2) ∈ SiX , S′ = (S′1, S′2) ∈ SiY , and epr ∈ F i(S, S′).1094

We say that a fragmented path set F is Gi is (i, S, S′, epr)-compatible if the following conditions1095

are satisfied.1096

1. Sati0(F ) = (S2 ∪ S′2) ∪ ({u∗, v∗} ∩ (S1 ∪ S′1)).1097

2. Sati1(F ) = ((S1 ∪ S′1) \ {u∗, v∗}) ∪ (({u∗, v∗} ∩ (Xi ∪ Yi)) \ (S1 ∪ S′1)).1098

3. eprF = epr.1099

4. cr(F ) ∈ Alwi(S, S′).1100

I Observation 31. Consider i ∈ [n], S = (S1, S2) ∈ SiX , S′ = (S′1, S′2) ∈ SiY , and epr ∈1101

F i(S, S′). Let F be an (i, S, S′, epr)-compatible fragmented path set in Gi. Then, the following1102

holds.1103

1. If xiyj ∈ E(F ), where j < i, then yj ∈ Ŷi−1.1104

2. Similarly, if yixj ∈ E(F ), where j < i, then xj ∈ X̂i−1.1105

Proof. Let S = S1 ∪ S2 and S′ = S′1 ∪ S′2. We only prove the first statement, as the proof of1106

the second statement is symmetric. Towards a contradiction, we assume that yj /∈ Ŷi−1, i.e.1107

j 6 i− k − 1 (recall that j < i). Now, consider the set Ŷi−1. Note that |Ŷi−1| = k + 1 and1108

S′1 \ {yi} ⊆ Ŷi−1. Let A = Ŷi−1 \ (S′1 ∪ S′2 ∪ {u∗, v∗}) and B = S′ \ {yi, u∗, v∗} ⊆ Ŷi−1.1109

Note that size of A is at least k+1−(|S1|+|S2|+2) and each vertex in A has degree exactly1110

2 in F (see item 1 and 2 of Definition 30). Moreover, for a ∈ A, and the (distinct) edges ua and1111

va in F intersect the edge xiyj . Similarly, the size of B is at least |S1|−3 and each vertex in B1112

has degree exactly 1 in F . Moreover, for b ∈ B, and the edge ub in F intersects the edge xiyj .1113

Also, note that A∩B = ∅. Thus, cr(F ) > 2|A|+ |B| > 2(k+1− (|S′1|+ |S′2|+1))+ |S′1|−3 =1114

2k + 1− (|S′1|+ 2|S′2|+ 4). Hence, we can obtain that cr(F ) > k − (csti(S′1) + 2 · csti(S′2)).1115

Recall that Alwi(S, S′) = {` ∈ [k]0 | ` 6 max{csti(S1) + 2 · csti(S2), csti(S′1) + 2 · csti(S′2)}}.1116

From the above discussions we can conclude that cr(F ) /∈ Alwi(S, S′). This contradicts that1117

F is (i, S, S′, epr)-compatible (see Definition 30). J1118

For a set X̂ ⊆ X, we let X̂∗ = X̂ \ {u∗, v∗}. Similarly, for a set Ŷ ⊆ Y , we let1119

Ŷ ∗ = Ŷ \ {u∗, v∗}.1120

I Observation 32. Consider i ∈ [n], S = (S1, S2) ∈ SiX , S′ = (S′1, S′2) ∈ SiY , and epr ∈1121

F i(S, S′). Let F be an (i, S, S′, epr)-compatible fragmented path set in Gi. If xjyi ∈ E(F ),1122

where j 6 i, then xjyi crosses exactly 2|X∗j+1,i \ (S1 ∪ S2)| + |X∗j+1,i ∩ S1| + |(Xj+1,i ∩1123

{u∗, v∗}) \ S1| many edges of F . Similarly, if xiyj ∈ E(F ), where j 6 i, then xiyj′ crosses1124

exactly 2|Y ∗j+1,i \ (S′1 ∪ S′2)|+ |Y ∗j+1,i ∩ S′1|+ |(Yj+1,i ∩ {u∗, v∗}) \ S′1| many edges of F .1125

Dynamic Programming Algorithm for CM-Ham Path1126

We are now ready to define the states of our dynamic programming table. For each i ∈ [n],1127

S = (S1, S2) ∈ SiX , S′ = (S′1, S′2) ∈ SiY , epr ∈ F [i, S, S′], and ` ∈ Alwi(S, S′), we define1128

T [i, S, S′, epr, `]1129

T [i, S, S′, epr, `] =





1, if there is a fragmented path set F in Gi, such that
F is (i, S, S′, epr)-compatible and cr(F ) = `,

0, otherwise.
1130
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A fragmented path set F in Gi is said to realizes T [i, S, S′, epr, `], if cr(F ) = ` and F is1131

(i, S, S′, epr)-compatible.1132

In the following observation we show how we can use the table entries to resolve the1133

instance (G, k) of CM-Ham Path.1134

I Observation 33. G admits a Hamiltonian path from u∗ to v∗ with cr(H) 6 k if and only1135

if there is ̂̀∈ [k]0, such that T [n, (∅, ∅), (∅, ∅), epr∗, ̂̀] = 1, where epr∗ : {u∗, v∗} → {u∗, v∗},1136

such that epr(u∗) = v∗ (and epr(v∗) = u∗).1137

Proof. Consider ̂̀∈ [k]0, such that T [n, (∅, ∅), (∅, ∅), epr∗, ̂̀] = 1. Furthermore, let F be a1138

fragmented path set that realizes T [n, (∅, ∅), (∅, ∅), epr∗, ̂̀]. As S = S′ = ∅, by item 1 and 31139

of Definition 30, it follows that each vertex in V (G) \ {u∗, v∗} has degree exactly two in F .1140

Moreover, from item 2 of the definition, it follows that the degrees of u∗ and v∗ are exactly1141

one in F . From item 5 of the definition, it follows that cr(F ) = ̂̀6 k. Note that as F is a1142

fragmented path set, no component of it contains a cycle. From the above discussions we1143

can conclude that F is a Hamiltonian path in G from u∗ to v∗ with at most k crossings.1144

For the other direction, let H be a Hamiltonian path from u∗ to v∗ in G with cr(H) =1145

̂̀ 6 k. Observe that Alwn((∅, ∅), (∅, ∅)) = [k]0, and hence ̂̀ ∈ Alwn((∅, ∅), (∅, ∅)). Also,1146

(∅, ∅) ∈ SnX ∩ SnY , and the function epr∗ belongs to F [i, (∅, ∅), (∅, ∅)]. It is easy to see that H1147

realizes T [n, (∅, ∅), (∅, ∅), epr∅ : ∅ → ∅, ̂̀], and thus T [n, (∅, ∅), (∅, ∅), epr∗, ̂̀] = 1. J1148

We compute the entries of our dynamic programming table, recursively. The base case1149

occurs when i = 1, in which case we can fill each of the entries in polynomial time. Then, we1150

fill all the other entries of our table by using recursive formulae. This can be achieved by an1151

exhaustive case analysis by considering how the vertices xi and yi “look like” in the graph1152

Gi, for i ∈ [n] and i > 1.1153

From Observation 27 and 29 it follows that the number of entries in our table is bounded1154

by 2O(
√
k log k). Moreover, an entry of the table can be computed in time bounded by1155

2O(
√
k log k)nO(1). Thus, the running time of our algorithm is bounded by 2O(

√
k log k)nO(1).1156

4.3 Kernel for Crossing-Minimizing Hamiltonian Path1157

We now move on to designing a kernel with O(k2) vertices, for CM-Ham Path. Let (G, k)1158

be an instance of CM-Ham Path. Our strategy is to first identify a set of “bad structures”1159

in the graph G. We shall see that the number of bad structures must be O(k), for otherwise1160

(G, k) would be a no-instance. We then apply a set of reduction rules to bound the number1161

of vertices between two bad structures by O(k).1162

We start with the following definitions. For i ∈ [n], the set {xi, yi} is called a duo at index1163

i; and {xi, yi} is said to be a good duo if xiyi ∈ E(G), and a bad duo otherwise. For i ∈ [n−1],1164

the set {xi, yi, xi+1, yi+1} is called a quartet at index i if both {xi, yi} and {xi+1, yi+1} are1165

good duos, and i is called an index ; and it is said to be a good quartet if either xiyi+1 ∈ E(G)1166

or xi+1yi ∈ E(G), and a bad quartet otherwise. In the above definitions, the index i is1167

referred to as the index corresponding to the duo or quartet, as the case may be.1168

For i, j, where 1 6 i < j 6 n and |j − i| > 3, the set Xi,j ∪ Yi,j is said to be1169

an ensemble at (i, j) if exactly one of the following holds: (i) xryr ∈ E(G) for every1170

i 6 r 6 j, xryr+1, xryr−1 ∈ E(G) for every i+ 1 6 r 6 j − 1, but xiyi+1, xjyj−1 /∈ E(G), or1171

(ii) xryr ∈ E(G) for every i 6 r 6 j, xr−1yr, yrxr+1 ∈ E(G) for every i+ 1 6 r 6 j − 1, but1172

xi+1yi, xj−1yj /∈ E(G).1173

I Observation 34. In polynomial time, we can determine whether G contains a bad duo, a1175

bad quartet, or an ensemble. The cases of duo and quartet must be straightforward as each1176
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Figure 11 Duos, quartets and ensembles. A dashed line segment shows a non-edge.1174

such structure has a constant size. As for testing whether G contains an ensemble, we can1177

go over all pairs of indices (i, j) and check whether Xi,j ∪ Yi,j is an ensemble in polynomial1178

time. J1179

We shall show that the number of ensembles, bad duos and bad quartets cannot exceed1180

O(k). We need the following two lemmas for that.1181

I Lemma 35. Let (G, k) be an instance of CM-Ham Path and let P be a Hamiltonian path1182

in G. If xiyj ∈ E(P ), then cr(P ) > 2|j − i| − 3. In particular, if j > i+ 2, then edge xiyj1183

intersects at least 2(j − i)− 3 edges xrys ∈ E(P ), where r > i and s < j; and if i > j + 2,1184

then the edge xiyj crosses at least 2(i− j)− 3 edges xrys ∈ E(P ), where r < i and s > j.1185

Proof. Assume that xiyj ∈ E(P ). If |j − i| 6 1, then there is nothing to prove. So, assume1186

that |j − i| > 2, where j > i+ 2. (The case where i > j + 2 is symmetric.) Consider the sets1187

Yj−1 and X \Xi. We claim that E(P ) contains at least 2(j − i)− 3 edges between X \Xi1188

and Yj−1, i.e., edges xrys with r > i and s < j. Before moving on to the proof of the above1189

statement, we explain how to use it to obtain the desired result. Note that each edge xrys,1190

with r > i and s < j crosses the edge xiyj . Thus, using our claim, we can obtain that the1191

edge xiyj crosses at least 2(j − i)− 3 edges xrys ∈ E(P ), where r > i and s < j.1192

We now prove our claim. Note that each vertex in Yj−1, except possibly two of them1193

(the terminal vertices of P ), has degree 2 in P . Therefore,
∑
y∈Yj−1

dP (y) > 2(j − 1) − 2.1194

Each vertex in Xi, except xi, can have at most two neighbors in Yj−1; xi can have at most1195

one neighbor in Yj−1 (as xiyj ∈ E(P )). That is, for each x ∈ Xi−1, |NP (x) ∩ Yj−1| 6 2,1196

and |NP (xi) ∩ Yj−1| 6 1. Therefore,
∑
x∈Xi

|NP (x) ∩ Yj−1| 6 2(i − 1) + 1. In other1197

words, E(P ) contains at most 2(i − 1) + 1 edges between Xi and Yj−1. The remaining1198 ∑
y∈Yj−1

dP (y) −∑x∈Xi
|NP (x) ∩ Yj−1| > 2(j − 1) − 2 − 2(i − 1) + 1 = 2(j − i) − 3 edges1199

incident on Yj−1 are between Yj−1 and X \Xi. J1200
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I Lemma 36. Let (G, k) be an instance of CM-Ham Path and let P be a Hamiltonian path1201

in G. If xiyi /∈ E(P ) for some i ∈ [n], then there is an edge in P incident to exactly one of1202

xi or yi that participates in a crossing.1203

Proof. Let xiyj ∈ E(P ). Consider the case when j 6= i− 1, i+ 1, i.e., |j − i| > 2. Now from1204

Lemma 35 the edge xiyj crosses at least 2|j − i| − 3 > 1 edges in P . So now we assume that1205

NP (xi) ⊆ {yi−1, yi+1}. If xi is not a terminal vertex of P , then it is adjacent to both yi−11206

and yi+1 in P , and then one of the edges incident on yi intersects either xiyi−1 or xiyi+1.1207

So assume that xi is a terminal vertex of P . Assume without loss of generality that yi−1 is1208

the unique neighbor of xi in P .1209

By symmetric arguments, either yi participates in at least one crossing, or yi is a terminal1210

vertex of P with either xi−1 or xi+1 as its unique neighbor. So, assume that yi is a terminal1211

vertex of P . If xi−1 is the unique neighbor of yi, then the edges xiyi−1 and xi−1yi intersect1212

each other. So, assume that xi+1 is the unique neighbour of yi.1213

Consider the yi−1 − xi+1 subpath of P . Let xrys be the first edge on this subpath with1214

either r > i+1 and s 6 i−1 or r 6 i−1 and s > i+1. Such an edge exists as P is connected.1215

So assume that r > i+ 1 and s 6 i− 1. (The other case is symmetric.) First, note that it1216

cannot be the case that (r, s) = (i + 1, i − 1), for this would imply that xi+1yi−1 ∈ E(P ),1217

and hence P = xiyi−1xi+1yi, which is not a Hamiltonian path. Therefore, either r > i+ 1,1218

in which case xrys intersects xi+1yi; or s < i− 1, in which case xrys intersects xiyi−1. J1219

We are now ready to bound the number of vertex disjoint ensembles, bad duos and bad1220

quartets.1221

I Lemma 37. Let (G, k) be an instance of CM-Ham Path. If G contains at least 4k + 11222

bad duos, then (G, k) is a no-instance.1223

Proof. Let P be an optimal Hamiltonian path in G. We will show that if G contains 4k + 11224

bad duos, then cr(P ) > k + 1. Assume that G contains at least 4k + 1 bad duos. Let1225

i1, i2, . . . , id ∈ [n] be the indices corresponding to bad duos, where d > 4k + 1. Then, by1226

Lemma 36, the bad duo
{
xij , yij

}
participates in at least one crossing for every j ∈ [d]. Also,1227

note that every crossing in P can involve at most four bad duos. (If {e, e′} is a crossing,1228

where e, e′ ∈ E(P ), then the four endpoints of e and e′ can belong to four different bad1229

duos.) Therefore, the number of distinct crossings involving the d bad duos is at least1230

dd/4e > d(4k + 1)/4e > k + 1. J1231

I Lemma 38. Let (G, k) be an instance of CM-Ham Path. If G contains at least 4k + 31232

vertex disjoint bad quartets, then (G, k) is a no-instance.1233

Proof. Let P be an optimal Hamiltonian path in G. We will show that if G contains 4k + 31234

vertex disjoint bad quartets, then cr(P ) > k+1. Assume that G contains at least 4k+3 vertex1235

disjoint bad quartets. Let i1, i2, . . . , iq ∈ [n] be the indices corresponding to them, where1236

q > 4k + 3. Consider the set of vertices
{
xij , yij , xij+1, yij+1 | j ∈ [q]

}
. Each vertex, except1237

two, are of degree 2 in P . Without loss of generality, assume that dP (xij ) = dP (yij ) = 2 and1238

dP (xij+1) = dP (yij+1) = 2 for every j = 3, 4, . . . , q.1239

Consider the edge xi3yi3 . We claim that (at least) one of xi3 or xi3+1 participates in1240

at least one crossing. If xi3ys ∈ E(P ) for some s 6= i3, i3 − 1, then |i3 − s| > 1 and hence1241

2|i3 − 1| − 3 > 1. As shown in the proof of Lemma 35, the edge xi3ys participates in at least1242

one crossing. So, assume that yi3 and yi3−1 are the two neighbors of xi3 in P . Similarly,1243

either xi3+1 participates in at lest one crossing, or yi3+1 and yi3+2 are the two neighbors1244

of xi3+1 in P . Now let xr be a neighbor of yi3 , where r 6= i3. If r < i3, then xryi3 and1245
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xi3yi3−1intersect each other, in which case xi3 participates in a crossing. Note that r 6= i3 +1,1246

because {xi3 , yi3 , xi3+1, yi3+1} is a bad quartet. If r > i3 + 1, then xryi3 intersect both1247

xi3+1yi3+1 and xi3+1yi3+2, in which case xi3+1 participates in two crossings. This proves the1248

claim.1249

The same argument applies to xij and xij+1 as well, for every 3 6 j 6 q. Thus, every1250

bad quartet contains either a terminal vertex of P , or it participates in at least one crossing.1251

Therefore, if there are at least 4k + 3 vertex disjoint bad quartets, then at most two of1252

them contain terminal vertices of P , and hence least 4k + 1 of them participate in at1253

least one crossing. Any crossing in P can involve at most four distinct quartets. Hence,1254

cr(P ) > k + 1. J1255

I Lemma 39. Let (G, k) be an instance of CM-Ham Path. If G contains at least 4k + 31256

vertex disjoint ensembles, then (G, k) is a no-instance.1257

Proof. Let P be an optimal Hamiltonian path in G. We will show that if G contains 4k + 31258

vertex disjoint ensembles, then cr(P ) > k+ 1. Assume that G contains at least 4k+ 3 vertex1259

disjoint bad ensembles.1260

Let Xi,j ∪ Yi,j be an ensemble such that xiyi+1, xjyj−1 /∈ E(G). Also assume that1261

this ensemble does not contain any terminal vertex of P , so that dP (v) = 2 for every1262

v ∈ Xi,j ∪ Yi,j . We shall show that Xi,j ∪ Yi,j participates in at least one crossing. Assume1263

that xryr ∈ E(P ) for every r, where i 6 r 6 j, for otherwise, by Lemma 36, Xi,j ∪Yi,j would1264

participate in a crossing. Consider the vertex yi+1. Since xiyi+1 /∈ E(G), we can assume1265

that xi+2yi+1 ∈ E(P ), for otherwise, yi+1 would have to be adjacent (in P) to xr for some r1266

with |r − (i+ 1)| > 2. Then, by Lemma 35, yi+1 would participate in a crossing. We thus1267

have that xi+1yi+1xi+2yi+2 is a subpath of P . Observe then that either xi+3yi+2 ∈ E(P ),1268

or by Lemma 35, yi+2 participates in a crossing. Proceeding this way, we can show that for1269

every s > i+ 1, either xs+1ys ∈ E(P ) or ys participates in a crossing. Then, note that yj−11270

(for s = j − 1) must participate in a crossing, since xjyj−1 /∈ E(G). J1271

We now proceed as follows. We have already identified certain “bad” sets of vertices, sets1272

of vertices that participate in at least one crossing. As Lemmas 37 - 39 show, there are only1273

O(k) many of such sets. We mark them. We then show that we can bound the number of1274

vertices in between two consecutive marked sets. Specifically, we do the following. First,1275

mark all the bad duos. Then, we mark bad quartets and ensembles, in that order. (A set1276

of vertices, say S ⊂ V (G) is marked only if none of its elements is already marked.) For1277

i ∈ [n], i is said to be the index of a marked set if the bad duo/quartet is marked. Moreover,1278

i, j ∈ [n] are said to be indices of a marked set, if Xi,j ∪ Yi,j is a marked ensemble. We now1279

introduce reduction rules that are to applied exhaustively. After an exhaustive application of1280

these rules, the number of unmarked vertices shall be bounded by O(k2). The number of1281

vertices in every ensemble shall be bounded by O(k). In particular, Rule 1, among other1282

things, bounds the number of vertices in ensembles. (See Lemma 41 for precise bounds.)1283

Rule 1: Let i and j be the indices of two consecutive marked sets such that j− i > 8k+3
(or i = 1 and j be the index corresponding to the first marked index, or j = n and i be
the index of the last marked set, or i and j be such that Xi,j ∪Yi,j is a marked ensemble.)
And, xryr+1, xr+1yr ∈ E(G) for every r, where i+ 4k + 1 6 r 6 j − 4k − 1.
Do: Delete vertices xr and yr for every i + 4k + 2 6 r 6 j − 4k − 2, and add edges
xi+k+1yj−k−1 and xj−k−1yi+k+1.
Parameter: No change.

1284

1285
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Figure 12 Reduction Rules 1,2 and 3. A dotted segment shows a non-edge.1290

Rule 2: Let i and j be two consecutive marked indices with j− i > 8k+3 (or i = 1 and j
be the first marked index, or j = n and i be the last marked index.) And, xr+1yr /∈ E(G)
for some r, where i+ k + 1 6 r 6 j − k − 1
Do: Delete vertices xr and yr for every i + k + 2 6 r 6 j − k − 2, and add edge
xi+k+1yj−k−1.
Parameter: No change.

1286

1287

Rule 3: Let i and j be two consecutive marked indices with j− i > 8k+3 (or i = 1 and j
be the first marked index, or j = n and i be the last marked index.) And, xryr+1 /∈ E(G)
for some r, where i+ k + 1 6 r 6 j − k − 1
Do: Delete vertices xr and yr for every i + k + 2 6 r 6 j − k − 2, and add edge
xj−k−1yi+k+1.
Parameter: No change.

1288

1289

I Lemma 40. Rules 1,2 and 3 are safe.1291

Proof. We show safeness of Rule 1 only. The proofs for Rules 2 and 3 are analogous. Let1292

(G′, k′) be the instance obtained from (G, k) by a single application of Rule 1. We shall show1293

that (G, k) is a yes-instance if and only if (G′, k′) is a yes-instance. Let P be an optimal1294

Hamiltonian path in G with terminal vertices u and v such that index(u) 6 index(v).1295

Note first that k′ = k. Assume that (G, k) is a yes-instance. Then, cr(P ) 6 k. Consider1296

the 4k+1 duos {xi+1, yi+1} , {xi+2, yi+2} . . . , {xi+4k+1, yi+4k+1}. Since cr(P ) 6 k, and since1297

any crossing can involve at most four of these duos, at least one of these 4k + 1 duos does1298

not participate in any crossing. Let i′ be the index corresponding to that duo. Then, by1299

Lemma 36, xi′yi′ ∈ E(P ). Similarly, there exists j′ ∈ {j − 1, j − 2, . . . , j − 4k − 1} such1300

that the duo {xj′yj′} does not participate in any crossing and hence xj′yj′ ∈ E(P ). Note1301

that in P , no vertex in Xi′,j′ ∪ Yi′,j′ is adjacent to any vertex in V (G) \ (Xi′,j′ ∪ Yi′,j′),1302

for otherwise, {xi′ , yi′} or {xj′ , yj′} would participate in a crossing. Let Pi′j′ be the path1303

xi′yi′xi′+1yi′+1, . . . , xj′−1yj′−1xj′yj′ .1304

Traverse along P from u to v. Note that on this traversal, among the two edges xi′yi′1305

and xj′yj′ , the edge xi′yi′ appears first. For otherwise, at least one of the duos {xi′ , yi′} or1306

{xj′ , yj′} would participate in a crossing. Assume without loss of generality that xi′ appears1307

first, followed by yi′ in P . Then, P must be as follows: starts from u, passes through all1308
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vertices xr, yr with r < i, enters xi′ , goes to yi′ along the edge xi′yi′ , passes through all1309

vertices of (Xi′,j′ ∪Yi′,j′), reaches yj′ , then passes through all vertices xr, yr with r > j′, and1310

finally ends at v. Otherwise, at least one of the duos {xi′ , yi′} or {xj′ , yj′} would participate1311

in a crossing. Since P passes through all vertices of (Xi′,j′ ∪ Yi′,j′), and since P contains no1312

edge with one endpoint in (Xi′,j′ ∪ Yi′,j′) and the other in V (G) \ (Xi′,j′ ∪ Yi′,j′), and since1313

the path Pi′j′ has no crossings, we can assume that Pij′ is a subpath of P . Let P ′ be the path1314

obtained from P by replacing the xi+4k+2-yj−4k−2 subpath with the edge xi+4k+1yj−4k−1.1315

Then P ′ is a Hamiltonian path in G′ and cr(P ) = cr(P ′).1316

Conversely, assume that (G′, k′) is a yes-instance and let P ′′ be an optimal Hamilto-1317

nian path in G′. By repeating the arguments used above, we can show the following:1318

(i) there exist i′ ∈ {i+ 1, i+ 2, . . . , i+ 4k + 1} and j′ ∈ {j − 1, j − 2, . . . , j − 4k − 1} such1319

that the duos {xi′yi′} and {xj′ , yj′} do not participate in any crossing, (ii) xryr ∈ E(P ′′)1320

for every i′ 6 r 6 j′, and (iii) either the edge e = xi+4k+1yj−4k−1 ∈ E(P ′′′) or the edge1321

e′ = xj−4k−1yi+4k+1 ∈ E(P ′′). Construct a Hamiltonian path P ′′′ of G by replacing the1322

edge e or e′, (whichever is present in P ′′) with Pi′,j′ . Note that the path Pi′,j′ contains no1323

crossings, and therefore, cr(P ′′′) = cr(P ′′) 6 k′ = k. J1324

Rules 1-3 show that we can safely remove vertices between two consecutive marked sets1325

as well as between the boundaries of a marked ensemble, if their number exceeds O(k). This1326

leads us to the following result.1327

I Lemma 41. Given an instance (G, k) of CM-Ham Path, let (G′, k′) be the instance1328

obtained from (G, k) by an exhaustive application of Rules 1-3. We have the following.1329

1. The number of marked sets in G is at most 3(4k + 3).1330

2. The number of marked vertices is at most 64k2 + 104k + 38.1331

3. The number of vertices between two marked sets (and between (x1, y1) and the first marked1332

set, and between the last marked set and (xn, yn)) is at most 2(8k + 2).1333

4. Total number of unmarked vertices in G′ is at most (4(4k + 3) + 1)(2(8k + 2)) + 1 =1334

256k2 + 272k + 53.1335

5. |V (G′)| 6 320k2 + 376k + 91.1336

Proof. 1. There are three types of marked sets - bad duos, bad quartets and ensembles. By1337

Lemmas 37 - 39, there can be at most 4k + 3 of each of them. Therefore, there can be at1338

most 3(4k + 3) marked sets.1339

2. • The number of marked duos is at most 4k + 1, and there are 2 vertices in each duo.1340

So, the number of vertices in marked duos is at most 2(4k + 1).1341

• The number of marked quartets is at most 4k + 3, and there are 4 vertices in each1342

quartet. So, the number of vertices in marked quartets is at most 4(4k + 3).1343

• The number of marked ensembles is at most 4k + 3. Since Rule 1 has been applied1344

exhaustively, there are 2(8k + 4) vertices in each marked ensemble. If i and j are the1345

indices of a marked ensemble, then there are 8k + 4 = (8k + 2) vertices between xi1346

and xj . These vertices, along wih the two vertices xi and xj contribute 8k + 4 to the1347

sum. Similarly, yi and yj , and the 8k + 2 vertices in between them contribute 8k + 4.1348

Thus, the number of vertices in each marked ensemble is at most 2(8k + 4). Hence,1349

the number of vertices in marked ensembles is at most 2(4k + 3)(8k + 4).1350

Adding these bounds, we get that the number of marked vertices is at most 2(4k + 1) +1351

4(4k + 3) + 2(4k + 3)(8k + 4) = 64k2 + 104k + 38.1352

3. Since Rules 1-3 have been applied exhaustively, we must have that the number of vertices1353

between two marked sets (and between (x1, y1) and the first marked set, and between1354

the last marked set and (xn, yn)) is at most 2(8k + 2).1355
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4. There are at most (4k + 3) + 1 unmarked “regions” - (4k + 3)− 1 regions between the1356

marked sets, and two additional regions - the one that precedes the first marked set and1357

the one that follows the last marked set. Each such region contains 2(8k + 2) vertices,1358

(except possibly the last region, which may contain 2(8k + 2) + 1 vertices, the “plus 1”1359

owing to the fact that |X| could be 1 + |Y |. Summing up, we get that the number of1360

unmarked vertices is at most (4(4k + 3) + 1)(2(8k + 2)) + 1 = 256k2 + 272k + 53.1361

5. Summing up the number of marked and unmarked vertices, we have |V (G′)| 6 320k2 +1362

376k + 91.1363

J1364

We have thus proved the following result.1365

I Theorem 42. Crossing-Minimizing Hamiltonian Path, parameterized by the number1366

of crossings k, has a kernel with O(k2) vertices.1367

5 XP algorithm and W[1]-hardness for Crossing-Minimizing Path1368

In this section, we show that CM-Path is W[1]-hard, but can be solved in time nO(k). The1369

problem is formally stated below.1370

Crossing-Minimizing Path (CM-Path) Parameter: k

Input: A two-layered graph G, vertices s, t ∈ V (G) and a non-negative integer k.
Question: Does G contain a path from s to t with at most k crossings?

1371

5.1 XP Algorithm for CM-Path1372

We first consider the case when k = 0. We show that if k = 0, then CM-Path can be solved1373

in polynomial time. (We will use this fact while designing the XP algorithm for the general1374

case.) Specifically, we consider the following problem.1375

Zero-Crossing Path
Input: A two-layered graph G, vertices s, t ∈ V (G).
Question: Does G contain a path from s to t with no crossings?

1376

5.1.1 Algorithm for Zero-Crossing Path1377

Consider an instance (G, s, t) of Zero-Crossing Path. An s-t path in G with no crossings1378

is called a feasible path. We now state and justify some assumptions that we make regarding1379

the vertices s and t.1380

1. We assume that s ∈ X and t ∈ Y . If this were not true, then we can arrive at an instance1381

where our assumption is satisfied as follows. If s ∈ Y , then by exchanging the roles of X1382

and Y , we can satisfy our assumption that s ∈ X. Now consider the case when t ∈ X.1383

Note that in the above case, it is enough to find a path between s and a vertex v ∈ N(t),1384

whose edges do not cross the edge (v, t). If we have an algorithm A that finds a path1385

with no crossings when our assumption is satisfied, then we can use A to find a path with1386

no crossings in the case when s ∈ X and t ∈ X as follows. For each (v, t) ∈ E(G), delete1387

all the edges in G that cross the edge (v, t) in G and then delete the edge (v, t). In the1388

resulting graph (with the same two-layer drawing as G) use A to find a path Pv (if it1389

exists) with zero crossing from s to v. Now add the edge (v, t) to Pv and return it. If for1390
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each v ∈ N(t), the path Pv does not exist, then report that such a path does not exist.1391

The correctness of the above procedure is clear from its description.1392

2. index(s) 6 index(t). Otherwise, we can reverse the ordering of vertices in X and Y in1393

the two-layer drawing of G, and arrive at our assumption.1394

3. s = x1 and t = ynY
. To see this, consider a feasible path P . We first claim that P cannot1395

contain two distinct vertices xi and xj with i < index(s) and j > index(s). That is,1396

either index(v) 6 index(s) for every vertex v ∈ V (P ) ∩X, or index(v) > index(s) for1397

every vertex v ∈ V (P ) ∩ X. Suppose not. Let xi, xj ∈ V (P ) with i < index(s) and1398

j > index(s). Traverse from s to t along P . Assume that in this traversal, xi appears1399

first and then xj . (The other case is symmetric.) Let yj be the unique neighbor of s in1400

P . Then, the xi-xj subpath of P must cross the edge sys. But this is not possible as P1401

is a feasible path. In light of this claim, we can reduce the given instance of our problem1402

to two instances of the same problem such that the given instance is a yes-instance if and1403

only if at least one of the reduced instances is a yes-instances. To create the first instance,1404

we delete from X all vertices xi with i < index(s). To create the second instance, we1405

delete from X all vertices xi with i > index(s) and reverse the orderings of vertices1406

in X and Y . In both the reduced instances, we have index(s) = 1. Using symmetric1407

arguments, we can show that index(t) = nY .1408

We use a simple dynamic programming algorithm to solve Zero-Crossing Path. For
every i = 1, 2, . . . , nX , j = 1, 2, . . . , nY and ` =, 1, 2, . . . , n−1, we define A[i, j, `] and B[i, j, `]
as follows.

A[i, j, `] =





1, if G contains a feasible path P of length ` from s(= x1) to yj
such that (xi, yj) is the last edge of P.

0, otherwise.

B[i, j, `] =





1, if G contains a feasible path P of length ` from s(= x1) to xi
such that (yj , xi) is the last edge of P.

0, otherwise.

In the above, the length of a path is the number of edges in it. We start by stating our1409

base cases for the computation of A[., ., .] and B[., ., .]. Note that A[i, j, `] = 0 if ` is even,1410

and B[i, j, `] = 0 if ` is odd. Also, A[i, j, 1] = 1 if i = 1 and x1yj ∈ E(G), and A[i, j, 1] = 01411

otherwise. In what follows, consider an odd 1 < ` 6 n− 1 and an even 1 6 `′ 6 n− 1. We1412

recursively compute (in order of increasing ` and `′) A[., ., .] and B[., ., .] as follows.1413

B[i, j, `′] =
∨

i′<i
xi′∈N(yj)

A[i′, j, `′ − 1] (1)1414

A[i, j, `] =
∨

j′<j
yj′∈N(xi)

B[i, j′, `− 1] (2)1415

Correctness of the recursive formulae. We show the correctness of Equation 1 (using1416

similar arguments we can establish the correctness of Equation 2). For the forward direction,1417

suppose there is a feasible path P of length `′ from x1 to xi, where (yj , xi) is the last edge.1418
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Consider the neighbor xi∗ ∈ {x1, x2, · · · , xi−1} of yj other than xi in P . Note that xi∗1419

exists as P is a feasible path from x1 to xi and G is a bipartite graph. But then, we have1420

A[i∗, j, `′−1] = 1, as P −{xi} is a desired type of feasible path. Now for the reverse direction,1421

consider an integer 1 6 i∗ < i, such that xi∗ ∈ N(yj) and A[i∗, j, `′ − 1] = 1. Let P be a1422

feasible path from x1 to yj , where (x∗i , yj) is the last edge of P . Furthermore, let P ′ be the1423

path obtained from P by adding the edge (yj , xi). Note that no edge in P crosses the edge1424

(yj , xi) as P is a feasible path with (x∗i , yj) as the last edge. This implies that P ′ is a feasible1425

path from x1 to xi of length `′ with (yj , xi) as the last edge. Thus, B[i, j, `′] = 1.1426

Note that each A[i, j, `] and B[i, j, `] can be computed in O(n) time, and (G, s = x1, t =1427

ynY
) of Zero-Crossing Path is a yes-instance if and only if ∨i,`A[i, nY , `] = 1. Since the1428

number of choices for (i, j, `) is bounded by n3, we can solve Zero-Crossing Path in O(n4)1429

time. For future reference, we state this result as follows.1430

I Lemma 43. Zero-Crossing Path, on an instance (G, s, t) can be solved in time O(n4),1431

where n = |V (G)|.1432

We note that although we gave an algorithm for the decision version of Zero-Crossing1433

Path, we can use memoization to find an s− t path with no crossings, if it exists. This leads1434

us to the following result.1435

I Lemma 44. Zero-Crossing Path, on an instance (G, s, t) can be solved in time O(n4),1436

where n = |V (G)|. Furthermore, for a yes-instance we can compute an s− t path with no1437

crossings in time O(n4).1438

5.1.2 Algorithm for Crossing-Minimizing Path1439

Let (G, s, t, k) be an instance of CM-Path. We first describe the intuition behind the1440

algorithm. Since the desired running time of the algorithm is nO(k), we have a lot of leeway in1441

“guessing” how a prospective solution looks like. Assume that (G, s, t, k) is a yes-instance of1442

CM-Path, and let P be an s− t path with cr(P ) 6 k. We start by analysing how the path P1443

looks like, in the graph G. Some edges of P are involved in crossings, and some are not. Let1444

Ecrs be the set of edges in P that participate in at least one crossing. Note that |Ecrs| 6 2k.1445

Consider the graph H = P −Ecrs (where we delete only edges, and not the vertices). Each1446

connected component of H is a path (or an isolated vertex). As |Ecrs| 6 2k, the number1447

of connected components in H is bounded by 2k + 1. Consider a connected component P̂1448

(which is a path) of H which has at least 2 vertices. Let xa and xb be the vertices with1449

smallest and largest index in V (P̂ ) ∩X, respectively. Similarly, let yc and yd be the vertices1450

with smallest and largest index in V (P̂ )∩Y , respectively. Note that P̂ is a path in the graph1451

G[Xa,b ∪ Yc,d], where xa, xb, yc, yd ∈ V (P̂ ) (these vertices need not be all distinct). We will1452

show that no edge in E(P ) \ E(P̂ ) has an endpoint from Xa+1,b−1 ∪ Yc+1,d−1 and at most1453

two vertices from {xa, xb, yc, yd} can be an endpoint of an edge from E(P ) \E(P̂ ). Recall1454

that edges from P̂ do not participate in any crossings. The above mentioned properties1455

help us to argue that any path P̃ (with same endpoint as P̂ and no crossings) from the1456

graph G[Xa,b ∪ Yc,d] can be used instead of P̂ , and such a path can easily be computed using1457

the algorithm for Zero-Crossing Path from Section 5.1.1. Roughly speaking, the above1458

arguments allow us to “guess” the endpoints (which are at most 4k + 2) and (four indices1459

of) the regions in which the paths in P − Ecrs are contained. As the size of Ecrs is bounded1460

by 2k, we can afford to “guess” the set Ecrs. Finally, we argue that the computed paths1461

(for some guess of regions and endpoints) and (for some guess of) the edges participating in1462

crossings can be “sewn” together to give an s− t path with at most k crossings (in the case1463

of a yes-instance).1464
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s

t

Figure 13 An s-t path. Sets of vertices encased by dashed rectangles form the `-regioning.1465

Before moving to the formal description of the algorithm, we introduce some notations1466

that we will follow in the remainder of the section.1467

Notations. For a subset E′ ⊆ E(G), GJE′K denotes the graph with vertex set V (E′)1468

and edge set E′. Suppose that P is an s − t path in G that we are seeking for, with1469

Ecrs ⊆ E(P ) as the set of edges participating in some crossing (in P ). Consider an integer1470

1 6 ` 6 2k + 1. (Roughly, ` is the number of connected components with at least one edge1471

in the graph P − Ecrs.) Let A = {(a, b, c, d, u, v) | a, b ∈ [nX ], c, d ∈ [nY ], a 6 b, c 6 d, u, v ∈1472

{xa, xb, yc, yd}, and u 6= v}. (Tuples from A will be used to obtain “regions” and endpoints1473

for paths with at least two vertices in P − Ecrs.)1474

For each i ∈ [`], consider some ri = (ai, bi, ci, di, ui, vi) ∈ A. We say that the collection1475

{ri | i ∈ [`]} is an `-region (or simply region, when the context is clear) if for every distinct1476

i, j ∈ [`], (exactly) one of the following holds: 1) ai 6 bi < aj 6 bj and ci 6 di < cj 6 dj ,1477

or 2) aj 6 bj < ai 6 bi and cj 6 dj < ci 6 di. Let R` be the set of all `-regions. Note that1478

|R` | and the time required to compute R`, are both bounded by nO(k) (as ` 6 2k + 1).1479

Consider an `-region R = {ri | i ∈ [`]} ∈ R`, where for i ∈ [`], we have ri =1480

(ai, bi, ci, di, ui, vi). R is an `-important region (or simply, important region, when the context1481

is clear) if for every i ∈ [`], (G[Xai,bi , Yci,di ], ui, vi) is a yes-instance of Zero-Crossing1482

Path. In the above, for i ∈ [`], the graph G[Xai,bi , Yci,di ] is the two-layered graph with1483

vertex bipartition Xai,bi and Yci,di , where the two-layer drawing is obtained by restricting the1484

two-layer drawing of G to vertices in Xai,bi ∪Yci,di . Let I` ⊆ R` be the set of all `-important1485

regions. Note that |I`| is bounded by nO(k). Moreover, as Zero-Crossing Path admits1486

a polynomial time algorithm (see Section 5.1.1, Lemma 43), we can compute I` in time1487

bounded by nO(k).1488

Algorithm. We are now ready to describe our algorithm. If there is a subset E′ ⊆ E(G),1489

such that GJE′K is an s − t path with |E′| 6 2k and cr(GJE′K) 6 k, then return Yes.1490

Hereafter, we assume that such a set E′ does not exist. Thus, for any s − t path P̂ , such1491

that cr(P̂ ) 6 k (if it exists), we have E(P̂ ) > 2k + 1, and there is at least one edge in E(P̂ )1492

which does not participate in any crossing in P̂ .1493

Consider an integer 1 6 ` 6 2k + 1, and R = {ri | i ∈ [`]} ∈ I`, where for i ∈ [`],1494

ri = (ai, bi, ci, di, ui, vi). Using Lemma 44, for each i ∈ [`], we compute a path P i with1495

endpoints ui and vi with zero crossings in the two-layered graph G[Xai,bi , Yci,di ]. (P is exist1496

by the definition of important regions.) Let Ẽ = ∪i∈[`]E(P i). Let Ê be the set of all edges1497

which are in Ẽ or intersect an edge in Ẽ. If there is a subset E′ ⊆ E(G) \ Ê of size at most1498

2k, such that GJẼ ∪ E′K is an s− t path with cr(GJẼ ∪ E′K) 6 k, then return Yes.1499

Otherwise, for no integer 1 6 ` 6 2k and R ∈ I`, there is E′ ⊆ E(G) \ Ê of size at most1500

2k, such that GJẼ ∪ E′K is an s− t path with cr(GJẼ ∪ E′K) 6 k. In this case, the algorithm1501

return No.1502

In the following lemma, we show that the algorithm is correct.1503
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I Lemma 45. The algorithm presented for CM-Path is correct.1504

Proof. Notice that if the algorithm returns Yes, then indeed there is an s− t path with at1505

most k crossings. We will now show that if (G, s, t, k) is a yes-instance of CM-Path, then1506

the algorithm returns Yes. If there is an s − t path P̂ with at most 2k edges, such that1507

cr(P̂ ) 6 k, then the algorithm always reports Yes. Otherwise, every s− t path in G with at1508

most k crossings has at least 2k+ 1 edges. Let P be an s− t path in G, such that cr(P ) 6 k1509

and E(P ) > 2k + 1. Let E∗ ⊆ E(P ) be the set of edges which participate in some crossing1510

in P . Note that at most 2k edges of P can participate in a crossing, and thus |E∗| 6 2k.1511

Let E1 = E(P ) \ E∗. Let C be the set of connected components in GJE1K, and `∗ = |C|. As1512

|E(P )| > 2k + 1 and |E∗| 6 2k, we have E1 6= ∅. Thus, 1 6 `∗ 6 2k + 1. Each C ∈ C is1513

a path on at least 2 vertices, as it is a subgraph of P and contains at least one edge. Let1514

C = {P1, P2, · · · , P`∗}. Consider i ∈ [`∗]. Let ui and vi be the end vertices of P i, where ui1515

comes before vi in the path P . Furthermore, let ai and bi be the lowest and highest indices1516

of vertices in V (P i) ∩X, respectively (possibly ai = bi). We note that ai and bi exist as1517

G is a bipartite graph and P i is a path with at least one edge. Similarly, we let ci and di1518

be the lowest and highest indices of vertices in V (P i) ∩ Y , respectively. For i ∈ [`∗], we let1519

ri = (ai, bi, ci, di, ui, vi), and R = {ri | i ∈ [`∗]}.1520

We will argue that R ⊆ A. (Recall that A = {(a, b, c, d, u, v) | a, b ∈ [nX ], c, d ∈ [nY ], a 61521

b, c 6 d, u, v ∈ {xa, xb, yc, yd}, and u 6= v}.) To this end, consider i ∈ [`∗]. By construction,1522

we have ai 6 bi, ci 6 di, ai, bi ∈ [nX ] and ci, di ∈ [nY ]. As P i has at least one edge, we1523

have ui 6= vi. Let Zi = {xai , xbi , yci , ydi}. We will now argue that ui, vi ∈ Zi. Towards1524

a contradiction, assume that ui /∈ Zi. (Similar arguments can be given for the case when1525

vi /∈ Zi.) Note that ui ∈ Xai+1,bi−1 ∪ Yci+1,di−1. Suppose that ui ∈ Xai+1,bi−1 (the1526

other case is symmetric). Let yj be the neighbor of ui in P i. Note that yj ∈ Yci,di . As1527

ui ∈ Xai+1,bi−1, we have ai < bi. Assume that xai is the first vertex in the subpath of P i1528

from ui to vi (the other case is symmetric). Let P ′ be the subpath of P i from xai to xbi .1529

As ai < bj , there is an edge in P ′ which intersects the edge uiyj . This contradicts the fact1530

that cr(P i) = 0. From the above discussions we can conclude that for each i ∈ [`∗], we have1531

ri ∈ A.1532

We now argue that R is an `∗-region. To this end, consider distinct i, j ∈ [`∗]. Without1533

loss of generality, we assume that ai 6 aj . By construction, we have xai , xbi , yci , ydi ∈ V (P i)1534

and xaj , xbj , ycj , ydj ∈ V (P j). Also, P i and P j are distinct connected components in C with1535

at least one edge each. We recall that edges in P i and P j do not participate in any crossings1536

(in P ). From the above discussion, we can conclude that ai 6 bi < aj 6 bj . Now we will1537

argue that ci 6 di < cj 6 cj . If cj < ci, then there will be an edge in P i and an edge in P j1538

which will intersect. Note that ci 6= cj as yci ∈ V (P i) and ycj ∈ V (P j), and P i and P j are1539

connected components in C. Similarly, we have that di 6= cj . If ci < cj < di, then we can1540

obtain a pair of edges in E(P i) ∩E(P j) which intersect each other. Thus, we conclude that1541

ci 6 di < cj 6 dj . From the above discussions we can conclude that R is an `∗-region.1542

As R is an `∗-region, and for each i ∈ [`∗], the path P i is a path from ui to vi in the1543

graph G[Xai,bi ∪ Yci,di ] with cr(P i) = 0, we can conclude that R ∈ I`∗ . In what follows, we1544

observe some properties of edges in E∗ (the set of edges participating in a crossing in P )1545

which will be useful later. Consider xy ∈ E∗ and i ∈ [`∗]. Observe that x /∈ Xai,bi \ {ui, vj}1546

and y /∈ Yci,di \ {ui, vj}. Furthermore, if uivi ∈ E(G), we have xy 6= uivj . From the above1547

discussions, we can conclude that the edge xy does not belong to the graph G[Xai,bi ∪ Yci,di ].1548

We also note that the edge xy does not cross any edge in the graph G[Xai,bi ∪ Yci,di ].1549

For i ∈ [`∗], let P̂ i be the path from ui and vi in the graph G[Xai,bi ∪ Yci,di ] with1550

cr(P̂ i) = 0, computed by the algorithm (P̂ i exists as R ∈ I`∗). Let Ẽ = ∪i∈[`∗]E(P̂ i). Note1551
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that by the properties of E∗ discussed earlier, we have Ẽ ∩E∗ = ∅ and no edge of E∗ crosses1552

an edge in Ẽ. But then, GJẼ ∪ E∗K is an s − t path with cr(GJẼ ∪ E∗K) 6 k. Thus, the1553

algorithm will return Yes. This concludes the proof. J1554

I Lemma 46. The algorithm presented for CM-Path is correct, and runs in time nO(k),1555

where n is the number of vertices in the input graph.1556

Proof. The claimed running time of the algorithm follows from the following facts. The1557

number of important regions, |I`|, and the time required to compute I` are both bounded1558

by nO(k). The size of the subsets E′ ⊆ E(G) considered by the algorithm is bounded by1559

2k. Moreover, Zero-Crossing Path admits an algorithm running in polynomial time1560

(Section 5.1.1, Lemma 44). J1561

Lemma 45 and 46 immediately lead us to the following result.1562

I Theorem 47. CM-Path admits an algorithm running in time nO(k), where n is the1563

number of vertices in the input graph.1564

5.2 W[1]-hardness of Crossing-Minimizing Path1565

In this section, we show that Crossing-Minimizing Path, when parameterized by the1566

number of crossings is W[1]-hard.1567

We prove the W[1]-hardness of Crossing-Minimizing Path by giving an appropriate1568

reduction from the problem Multi-Colored Clique, which is known to be W[1]-hard [22].1569

The Multi-Colored Clique problem is formally defined below.1570

Multi-Colored Clique Parameter: k
Input: A k-partite graph G with a partition V1, V2, . . . , Vk of V (G) such that for all
i, j ∈ [k], |Vi| = |Vj |.
Question: Is there X ⊆ V (G) such that, for all i ∈ [k], |X ∩ Vi| = 1 and G[X] is a
clique?

1571

Let (G,V1, V2, . . . , Vk) be an instance of Multi-Colored Clique. We create an instance1572

(G′, X, Y, s, t, k′) of Crossing-Minimizing Path such that (G, V1, V2, . . ., Vk) is a yes-1573

instance of Multi-Colored Clique if and only if (G′, X, Y, s, t, k′) is a yes-instance of1574

Crossing-Minimizing Path. Here, G′ is a two-layered graph.1575

The intuitive description of the reduction is as follows (see Figure 14). Let ϕ : {(i, j) |1576

i, j ∈ [k], i < j} → [
(
k
2
)
] be the lexicographic ordering of elements in {(i, j) | i, j ∈ [k], i < j}.1577

Also, for r ∈ [
(
k
2
)
], we let ϕ(r(1), r(2)) = r. We note that the only use of ϕ is to order the1578

elements of {(i, j) | i, j ∈ [k], i < j}, which will be helpful in describing the construction.1579

The main idea behind the construction is to create two special vertices s and t, and create1580

an s − t path in G′, which selects a vertex from each Vi, for i ∈ [k] and an edge between1581

each pair of color classes. Moreover, the number of crossings in such a path will ensure1582

that the selected set of vertices form a clique in G. Towards this, for each Vi, where i ∈ [k],1583

we have an axis-parallel box Vi, containing an edge (a vertical line) corresponding to each1584

vertex in Vi. Similarly, for each Vi, Vj , where i, j ∈ [k] and i < j, we have an axis-parallel1585

box Eij , containing a pair of non-adjacent vertices corresponding to each edge between Vi1586

and Vj . The boxes Vi, where i ∈ [k] and Eij , where i < j and i, j ∈ [k] are arranged in a1587

linear fashion to create an s− t path in G′ (see Figure 14). We note that the ordering among1588

boxes Eijs is obtained by using the function ϕ. In the construction, we added an edge in Vi1589

corresponding to each vertex in Vi, while we added a pair of (non-adjacent) vertices in Eij for1590

an edge between Vi and Vj . The motivation behind this is to add a path between the pair of1591
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Figure 14 A schema of the reduction. Here, red dotted paths are pairwise vertex disjoint and
have vertices outside the box they are drawn in.
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Figure 15 An illustration of various slots and boxes in a vertex selection gadget.1607

vertices (corresponding to an edge between Vi and Vi), where the edges of this path crosses1592

the boxes Vi and Vj so as to ensure that the vertices and edges selected are compatible. Now1593

we move to the formal description of the reduction.1594

For i ∈ [k], we let the vertices in Vi to be {vi1, vi2, . . . , vin}. Consider i, j ∈ [k], where i 6= j.1597

We let Eij = {eij1 , eij2 , . . . , eijmij
} be the edges between Vi and Vj , where mij is the number1598

of edges between Vi and Vj . Note that Eij and Eji are the same sets. Whenever we are1599

considering the vertex set Vi and the edge set Eij (= Eji), we will use the lexicographic1600

ordering of edges in Eij whose first coordinate is given by the index of vertex in Vi and the1601

second coordinate is given by the index of vertex in Vj . We will denote such a lexicographic1602

ordering by lexiji (= lexjii ). For ` ∈ [n], all the edges in E(G) ∩ {vi`vjp | p ∈ [n]} appear1603

consecutively in the ordering lexiji . Therefore, by lexiji [`], we denote the sub-ordering obtained1604

from lexiji of edges in E(G) ∩ {vi`vjp | p ∈ [n]}. Also, by mij [`] we denote |E(G) ∩ {vi`vjp | p ∈1605

[n]}|1606

Vertex selection gadget. Consider i ∈ [k]. We construct the vertex selection gadget Vi1608

that will be responsible for selecting a vertex from the color class Vi. The gadget Vi will be1609

placed in an axis-parallel rectangle (for ease of description). Consider ` ∈ [n]. Corresponding1610

to the vertex vi`, we add an edge xi`yi` to E(H) (and to Vi), and add vertices xi` and yi` to X1611

and Y , respectively. There are two axis-parallel rectangles (often referred to as boxes) F i`1612

and Bi` in the front and the back of the edge xi`yi`, respectively (see Figure 15). Boxes F i` and1613

Bi` contains mij [`] many slots (small rectangular axis-parallel boxes), where some portion of1614

the Vertex-Edge compatibility gadgets will be placed. We let σV(i,X) = (xi1, xi2, . . . , xin) and1615

σV(i, Y ) = (yi1, yi2, . . . , yin). In the rectangle Vi, vertices in {xi` | ` ∈ [n]} and {yi` | ` ∈ [n]}1616

are placed in the order given by σV(i,X) and σV(i, Y ), respectively. The gadget Vi comprises1617

of two additional rectangular boxes, namely Hi and Ti each containing mi slots, where1618

mi = |{(v, u) | v ∈ Vi, u ∈ V (G) \ Vi}|. These mi slots are classified into (k − 1) groups1619

corresponding to each Eij , where j ∈ [k] \ {i}. A group of slots allocated for j ∈ [k] \ {i} in1620

Hi and Ti will be denoted by Hi
j and T ij , respectively. Moreover, Hi

j (and T ij ) contains mij1621

consecutive slots, the first group (starting from left) being assigned to the smallest element1622
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Figure 16 Vertex-Edge compatibility.1631

in [k] \ {i}. In the slots of Hi and Ti, we place some portion of the Vertex-Edge compatibility1623

gadget for Vi and Eij in the order given by lexiji .1624

Edge selection gadget. Consider i, j ∈ [k], where i < j. We construct the edge selection1625

gadget Eij that will be responsible for selecting an edge from Eij . The gadget Eij will be1626

contained in an axis-parallel rectangle, and we would refer to this rectangle by Eij as well.1627

For each ` ∈ [mij ], corresponding to the edge eij` , we add two non-adjacent vertices xij` , y
ij
`1628

to V (H) (and Eij) and add xij` and yij` to X and Y , respectively. The pairs of vertices xij`1629

and yij` are placed according to the ordering lexiji of edges.1630

Vertex-Edge compatibility gadgets. As described above, the edge selection gadget1632

consists of a pair of non-adjacent vertices for every edge of G. In order to ensure compatibility1633

between the vertex selection and the edge selection gadgets, we add a path between the1634

two vertices of the edge selection gadget. Consider i, j ∈ [k], where i < j, and an edge1635

e = eijz = vi`v
j
r ∈ Eij . We add a path P (e) between xijz and yijz with 8 internal vertices1636

as follows (see Figure 16). Towards this we add 8 new vertices as follows. For each1637

Z ∈ {Hi, Hj , B
i
`, B

j
r}, we add a vertex x[Z, e] (and add it to X). Similarly, for each1638

Z ∈ {Ti, Tj , F i` , F jr }, we add a vertex y[Z, e] (and add it to Y ). Next, the path P (e) is set to1639

be yijz , x[Hi, e], y[F i` , e], x[Bi`, e], y[Ti, e], x[Hj , e], y[F jr , e], x[Bjr , e], y[Tj , e], xijz (see Figure 16).1640

Overall connections. For each i ∈ [k], we add an edge x∗i y∗i , and add the vertex x∗i to X1641

and y∗i to Y . The edge x∗i y∗i is placed right before the rectangle Vi. Next, we describe the1642

connection between various vertex selection gadgets. For i ∈ [k], we add all the edges in1643

{y∗i xij | j ∈ [n]} to E(H). For each i ∈ [k] \ {1}, we add all the edges in {yi−1
j x∗i | j ∈ [n]} to1644

E(H).1645

Recall that ϕ is the lexicographic ordering of elements in {(i, j) | i, j ∈ [k], i < j}.1646

Consider r ∈ [
(
k
2
)
], and let (i, j) = ϕ(r). Note that i, j ∈ [k] and i < j. We add an edge x̂rŷr1647

(placed before the rectangle Eij), and add the vertex x̂r to X and ŷr to Y . Next, we describe1648

the connection between various edge selection gadgets. For r ∈ [
(
k
2
)
], we add all the edges1649

in {ŷrxr(1)r(2)
j | j ∈ [mr(1)r(2)]} to E(H). For each r ∈ [

(
k
2
)
] \ {1}, we add all the edges in1650

{yr−1(1)r−1(2)
j x̂r | j ∈ [mr(1)r(2)]} to E(H).1651

We add a new vertex t to V (H), and make it adjacent to every vertex in {y(k
2)(1)(k

2)(2)
` |1652

` ∈ [m(k
2)(1)(k

2)(2)]} in H. Also, we set s = x∗1. This completes the description of G′, X, Y, s, t.1653

We postpone the description of k′, and proceed to prove some structural lemmata which will1654

be useful in determining the appropriate value of k′, as well as establishing the equivalence1655

of the instances (G, V1, V2, . . ., Vk) of Multi-Colored Clique and (G′, X, Y, x?, y?, k′) of1656

Crossing-Minimizing Path.1657

I Observation 48. For any s− t (simple) path P ? in G′, the following properties hold.1658

1. {x∗i y∗i | i ∈ [k]} ∪ {x̂iŷi | i ∈ [
(
k
2
)
]} ⊆ E(P ?).1659

2. For each i ∈ [k], there is a unique i∗ ∈ [n] such that y∗i xii∗ , xii∗yii∗ , yii∗x∗i+1 ∈ E(P ?). Here,1660

x∗i+1 = x̂1, when i = k.1661
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3. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. There is a unique `∗ij ∈ [mij ] such that ŷrxij`∗

ij
∈1662

E(P ?), P (eij`∗
ij

) ⊆ P ?, and yij`∗
ij
x̂r+1 ∈ E(P ?). Here, x̂r+1 = t, when r =

(
k
2
)
.1663

Moreover, each edge in E(P ?) is present in one of the above items.1664

In the following, let P ? be an s− t (simple) path. We define the following integers that1665

satisfy the conditions of Observation 48. For i ∈ [k], we let i∗ ∈ [n] be the integer given by1666

item 2 of Observation 48. Similarly, for each i, j ∈ [k], where i < j, we let `∗ij ∈ [mij ] to be1667

the integer given by item 3 of Observation 48.1668

In the following, we prove some properties of the path P ?.1669

I Lemma 49. For ĩ ∈ [k], the number of edges in P ? that cross the edge x∗i y∗i is exactly1670

2(̃i− 1)(k − ĩ+ 1) + 2
(
ĩ−1

2
)
.1671

Proof. Consider ĩ ∈ [k]. By construction, the only edges that can potentially cross x∗
ĩ
y∗
ĩ
, are1672

edges in paths P (eij` ), where i, j ∈ [k], i < j and ` ∈ [mij ]. Consider i, j ∈ [k], where i < j,1673

and let r = ϕ(i, j). From Observation 48 (item 3), we know that `∗ij ∈ [mij ] is the unique1674

integer such that ŷtxij`∗
ij
∈ E(P ?), P (eij`∗

ij
) ⊆ P ?, and yij`∗

ij
x̂t+1 ∈ E(P ?). Here, x̂t+1 = y?, if1675

t =
(
k
2
)
. From the above discussion, there can be no ` 6= `∗ij such that an edge in the path1676

P (eij` ) crosses the edge x∗
ĩ
y∗
ĩ
. Moreover, some edges in P (eij`∗

ij
) can potentially cross the edge1677

x∗
ĩ
y∗
ĩ
. In the following, we consider cases based on where ĩ lies in the linear ordering to count1678

the number of edges in P (eij`∗
ij

) that cross the edge x∗
ĩ
y∗
ĩ
.1679

• i < ĩ 6 j. By construction the only edges in P (eij`∗
ij

) that cross x∗
ĩ
y∗
ĩ
, are y[Ti, eij`∗

ij
]1680

x[Hj , e
ij
`∗

ij
] and x[Hi, e

ij
`∗

ij
]yij`∗

ij
(see Figure 16 for reference). Therefore, in this case there1681

are two edges in P (eij`∗
ij

) that cross x∗
ĩ
y∗
ĩ
.1682

• ĩ 6 i < j. In this case, by our construction, no edge in P (eij`∗
ij

) crosses x∗
ĩ
y∗
ĩ
.1683

• i < j < ĩ. By construction the only edges in P (eij`∗
ij

) that cross x∗
ĩ
y∗
ĩ
, are x[Hi, e

ij
`∗

ij
]yij`∗

ij
1684

and y[Tj , eij`∗
ij

]xij`∗
ij

(see Figure 16 for reference). Therefore, in this case there are two edges1685

in P (eij`∗
ij

) that cross x∗
ĩ
y∗
ĩ
.1686

Hence, the number of edges in P ? that cross the edge x∗
ĩ
y∗
ĩ
is 2(̃i−1)(k− ĩ+1)+2

(
ĩ−1

2
)
. J1687

I Lemma 50. For r̃ ∈ [
(
k
2
)
], the number of edges in P ? that cross the edge x̂r̃ŷr̃ is exactly1688

2(
(
k
2
)
− r̃ + 1).1689

Proof. Consider r̃ ∈ [
(
k
2
)
]. By construction, the only edges that can potentially cross x̂r̃ŷr̃,1690

are edges in paths P (eij` ), where i, j ∈ [k], i < j and ` ∈ [mij ]. Consider i, j ∈ [k], where1691

i < j, and let r = ϕ(i, j).1692

From Observation 48 (item 3), we know that `∗ij ∈ [mij ] is the unique integer such that1693

ŷrx
ij
`∗

ij
∈ E(P ?), P (eij`∗

ij
) ⊆ P ?, and yij`∗

ij
x̂r+1 ∈ E(P ?). Here, x̂r+1 = t, if r =

(
k
2
)
. From the1694

above discussion, there can be no ` 6= `∗ij such that an edge in the path P (eij` ) crosses the1695

edge x̂r̃ŷr̃ in P ?. Moreover, some edges in P (eij`∗
ij

) can potentially cross the edge x̂r̃ŷr̃ in P ?.1696

In the following, we consider cases based on where r̃ lies in the linear ordering to count the1697

number of edges in P (eij`∗
ij

) that cross the edge x∗r̃y∗r̃ .1698

• r < r̃. By construction, there is no edge in P (eij`∗
ij

) that crosses the edge x̂r̃ŷr̃.1699
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• r > r̃. In this case, by construction there are two edges namely, x[Hi, e
ij
`∗

ij
]yij`∗

ij
and1700

y[Tj , eij`∗
ij

]xij`∗
ij

(see Figure 16 for reference) that cross the edge x̂r̃ŷr̃.1701

Hence, the number of edges in P ? that cross the edge x̂r̃ŷr̃ is 2(
(
k
2
)
− r̃ + 1). J1702

I Lemma 51. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. Then the number of edges in P ? that1703

cross the edge ŷrxij`∗
ij

is exactly 2(
(
k
2
)
− r) + 1.1704

Proof. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. By construction, the only edges that can1705

potentially cross ŷr, xij`∗
ij
, are edges in paths P (ei

′j′

` ), where i′, j′ ∈ [k], i′ < j′ and ` ∈ [mi′j′ ].1706

Consider i′, j′ ∈ [k], where i′ < j′, and let r′ = ϕ(i′, j′). From Observation 48 (item 3), we1707

know that `∗i′j′ ∈ [mi′j′ ] is the unique integer such that ŷr′xi
′j′

`∗
i′j′
∈ E(P ?), P (ei

′j′

`∗
i′j′

) ⊆ P ?,1708

and yi
′j′

`∗
i′j′
x̂r′+1 ∈ E(P ?). Here, x̂r′+1 = t, if r′ =

(
k
2
)
. Thus there is no ` 6= `∗i′j′ such that an1709

edge in the path P (ei
′j′

` ) crosses the edge ŷrxij`∗
ij

in P ?. Moreover, some edges in P (ei
′j′

`∗
i′j′

) can1710

potentially cross the edge ŷrxij`∗
ij

in P ?. In the following, we consider cases based on where r1711

lies in the linear ordering to count the number of edges in P (ei
′j′

`∗
i′j′

) that cross the edge ŷrxij`∗
ij
.1712

• r′ < r. By construction, there is no edge in P (ei
′j′

`∗
i′j′

) that crosses the edge ŷrxij`∗
ij
.1713

• r′ > r. In this case, by construction there are two edges namely, x[Hi′ , e
i′j′

`∗
i′j′

]yi
′j′

`∗
i′j′

and1714

y[Tj′ , ei
′j′

`∗
i′j′

]xi
′j′

`∗
i′j′

(see Figure 16 for reference) that cross the edge ŷrxij`∗
ij
.1715

• r′ = r. The only edge that crosses the ŷrxij`∗
ij

is x[Hi, e
ij
`∗

ij
]yij`∗

ij
.1716

Hence, the number of edges in P ? that cross the edge ŷrxij`∗
ij

is 2(
(
k
2
)
− r + 1) − 1 =1717

2(
(
k
2
)
− r) + 1. J1718

I Lemma 52. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. Then the number of edges in P ? that1719

cross the edge x̂r+1y
ij
`∗

ij
is exactly 2(

(
k
2
)
− r). Here, x̂r+1 = y∗, when r =

(
k
2
)
.1720

Proof. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. By construction, the only edges that can1721

potentially cross x̂r+1y
ij
`∗

ij
, are edges in paths P (xi

′j′

` ), where i′, j′ ∈ [k], i′ < j′ and ` ∈ [mi′j′ ].1722

Consider i′, j′ ∈ [k], where i′ < j′, and let r′ = ϕ(i′, j′). From Observation 48 there is no1723

` 6= `∗i′j′ such that an edge in the path P (ei
′j′

` ) crosses the edge x̂r+1y
ij
`∗

ij
in P ?. Moreover,1724

some edges in P (ei
′j′

`∗
i′j′

) can potentially cross x̂r+1y
ij
`∗

ij
in P ?. In the following, we consider1725

cases based on where r lies in the linear ordering to count the number of edges in P (ei
′j′

`∗
i′j′

)1726

that cross the edge x̂r+1y
ij
`∗

ij
.1727

• r′ 6 r. By construction, there is no edge in P (ei
′j′

`∗
i′j′

) that crosses the edge x̂r+1y
ij
`∗

ij
.1728

• r′ > r. In this case, by construction there are two edges namely, x[Hi′ , e
i′j′

`∗
i′j′

]yi
′j′

`∗
i′j′

and1729

y[Tj′ , ei
′j′

`∗
i′j′

]xi
′j′

`∗
i′j′

(see Figure 16 for reference) that cross the edge x̂r+1y
ij
`∗

ij
.1730

Hence, the number of edges in P ? that cross the edge x̂r+1y
ij
`∗

ij
is 2(

(
k
2
)
− r). J1731
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Figure 17 Counting number of edges crossing.1732

I Lemma 53. Consider i, i′, j′ ∈ [k] such that i′ < j′. Let vi′c v
j′

d ) = ei
′j′

`∗
i′j′

= e∗. Also, let1733

θ = |{e | e ∈ E(P (e∗) and e crosses y∗i xii∗}|+|{e | e ∈ E(P (e∗)) and e crosses xii∗yii∗}|+|{e |1734

e ∈ E(P (e∗)) and e crosses yii∗x∗i+1}|. Here, x∗i+1 = x̂1 if i = k. Then the following1735

conditions hold.1736

1. Consider the case when i /∈ {i′, j′}. If i < i′ then θ = 0, and otherwise θ = 2.1737

2. Consider the case when i = i′. If c = i∗ then θ = 6, otherwise, θ = 8.1738

3. Consider the case when i = j′. If d = i∗ then θ = 6, otherwise, θ = 8.1739

Proof. Item 1 follows from the construction. We only consider the case when i = i′. The1740

case when i = j′ follows from a similar a argument. Next, we consider the following cases1741

based relation between c and i∗ (see Figure 17).1742

• c = i∗. In this case, by the construction, edges in P (e∗) which cross:1743

y∗i x
i
i∗ are x[Hi, e

∗]y[F ic , e∗] and x[Hi, e
∗]yij

′

`∗
ij′
;1744

xii∗y
i
i∗ are y[F ic , e∗]x[Bic, e∗] and x[Hi, e

∗]yij
′

`∗
ij′
;1745

yii∗x
∗
i+1 are x[Bic, e∗]y[Ti, e∗] and x[Hi, e

∗]yij
′

`∗
ij′
.1746

Hence, θ = 6.1747

• c < i∗. In this case, by the construction, edges in P (e∗) which cross:1748

y∗i x
i
i∗ are x[Hi, e

∗]y[F ic , e∗], x[Hi, e
∗]yij

′

`∗
ij′
, y[F ic , e∗]x[Bic, e∗], and x[Bic, e∗] y[Ti, e∗];1749

xii∗y
i
i∗ are x[Bic, e∗]y[Ti, e∗] and x[Hi, e

∗]yij
′

`∗
ij′
;1750

yii∗x
∗
i+1 are x[Bic, e∗]y[Ti, e∗] and x[Hi, e

∗]yij
′

`∗
ij′
.1751

Hence, θ = 8.1752

• c > i∗. In this case, by the construction, edges in P (e∗) which cross:1753
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Figure 18 Counting number of edges crossing.1764

y∗i x
i
i∗ are x[Hi, e

∗]y[F ic , e∗] and x[Hi, e
∗]yij

′

`∗
ij′
;1754

xii∗y
i
i∗ are x[Hi, e

∗]y[F ic , e∗] and x[Hi, e
∗]yij

′

`∗
ij′
;1755

yii∗x
∗
i+1 are x[Hi, e

∗]y[F ic , e∗], x[Hi, e
∗]yij

′

`∗
ij′
, y[F ic , e∗]x[Biv, e∗] and x[Biv, e∗] y[Ti, e∗].1756

Hence, θ = 8.1757

J1758

In the lemmata that we proved till now, the only pair of edges whose crossing have not1759

been considered belong to paths P (eij`∗
ij

) ⊆ P ?, P (ei
′j′

`∗
i′j′

) ⊆ P ?, where i, i′, j, j′ ∈ [k], i < j1760

and i′ < j′. In the following proposition and lemmata, we count such pairs of crossing edges.1761

I Proposition 54. Consider i, j ∈ [k] with i < j. Then the number of pairwise edge crossings1762

in P (eij`∗
ij

) is 7.1763

I Lemma 55. Consider i, j, j′ ∈ [k], such that i < j < j′. Let eij`∗
ij

= vicv
j
d and eij

′

`∗
ij′

= viwv
j′
z ,1765

and ω = |{(e, e′) | e ∈ P (eij`∗
ij

), e′ ∈ P (eij
′

`∗
ij′

) and e crosses e′}|. Exactly one of the following1766

conditions hold.1767

1. If c 6 w then ω = 24;1768

2. otherwise, ω = 26.1769

Proof. Let e∗1 = eij`∗
ij

and e∗2 = eij
′

`∗
ij′
. Since j < j′, therefore, all slots in T ij lie strictly to1770

the left of slots in T ij′ . Therefore, the vertex x[Hi, e
∗
1] lies strictly to the left of x[Hi, e

∗
2].1771

Similarly, y[Ti, e∗1] lies strictly to the left of y[Ti, e∗2]. This implies that x[Hi, e
∗
1]yij`∗

ij
crosses1772

every edge in E(P (e∗2))\{x[Hi, e
∗
2]yij

′

`∗
ij′
} and does not cross the edge x[Hi, e

∗
2]yij

′

`∗
ij′
. Therefore,1773

x[Hi, e
∗
1]yij`∗

ij
crosses 8 edges in E(P (e∗2)) (see Figure 18). Similarly, the edge x[Hi, e

∗
2]yij

′

`∗
ij′

1774

crosses every edge in E(P (e∗1)) \ {x[Hi, e
∗
1]y[F ic , e∗1], x[Hi, e

∗
1]yij`∗

ij
}, does not cross the edges1775

x[Hi, e
∗
1]y[F ic , e∗1] and x[Hi, e

∗
1]yij`∗

ij
, and therefore, it crosses 7 edges in E(P (e∗1)).1776
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Figure 19 Counting number of edges crossing.1794

Next, consider the subpaths P ∗1 of P (e∗1) between xij`∗
ij

and y[Ti, e∗1] and P ∗2 of P (e∗2)1777

between xij
′

`∗
ij′

and y[Ti, e∗2]. By the construction of G′ and our assumption that j < j′,1778

|{(e, e′) | e ∈ P ∗1 , e
′ ∈ P ∗2 and e crosses e′}| is 6. Also, no edge in P ∗2 crosses an edge in1779

E(P (e∗1)) \ (E(P ∗1 ) ∪ {x[Hi, e
∗
1]yij`∗

ij
)}, and no edge in P ∗1 crosses an edge in E(P (e∗2)) \1780

(E(P ∗2 ) ∪ {x[Hi, e
∗
2]yij

′

`∗
ij′
, x[Biw, e∗2]y[Ti, e∗2]}). By the ordering of vertices Ti, we have that1781

y[Ti, e∗1]x[Hj , e
∗
1] crosses the edge x[Biw, e∗2]y[Ti, e∗2]. Moreover, no edge in E(P ∗1 )\{y[Ti, e∗1]x[Hj , e

∗
1]}1782

crosses an edge in E(P (e∗2)) \ (E(P ∗2 ) ∪ {x[Hi, e
∗
2]yij

′

`∗
ij′
}). Let P̂1 = E(P ∗1 ) ∪ {x[Hi, e

∗
1]yij`∗

ij
}1783

and P̂2 = E(P ∗2 ) ∪ {x[Hi, e
∗
2]yij

′

`∗
ij′
}. From the above we have that, |{(e, e′) | e, e′ ∈1784

P̂1 ∪ P̂2 and e crosses e′}| + |{(e, e′) | e ∈ P̂1 ∪ P̂2, e
′ ∈ (E(P (e∗1)) \ P̂1) ∪ (E(P (e∗2)) \1785

P̂2) and e crosses e′}| = 22. In the following we only need to count those crossing edge pairs1786

e, e′ such that e ∈ E(P (e∗1)) \ P̂1 and e′ ∈ E(P (e∗2)) \ P̂2. We consider the following cases1787

based on whether or not c 6 w.1788

• c 6 w. In this case, y[F ic , e∗1] is to the left of y[F iw, e∗2], and the number of desired type of1789

crossing edge pairs is 2.1790

• c > w. In this case, y[F ic , e∗1] is to the right of y[F iw, e∗2], and the number of desired type1791

of crossing edge pairs is 4.1792

This concludes the proof. J1793

I Lemma 56. Consider i, i′, j, j′ ∈ [k], where i < j, i′ < j′, and i < i′. Let e∗1 = eij`∗
ij

= vicv
j
d,1795

e∗2 = ei
′j′

`∗
i′j′

= vi
′
wv

j′
z , and δ = |{(e, e′) | e ∈ P (e∗1), e′ ∈ P (e∗2) and e crosses e′}|. Then the1796
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following holds.1797

1. If i < j < i′ < j′, then δ = 16.1798

2. If i < i′ < j < j′, then δ = 21.1799

3. If i < i′ < j′ < j, then δ = 24.1800

Proof. Observe first that the paths P (e∗1) and P (e∗2) have nine edges each. (See Figure 19.1801

The red path is P (e∗1) and the blue path P (e∗2).)1802

1. Suppose i < j < i′ < j′. Then, only two edges of P (e∗1) – xij`∗
ij
y[Tj , e∗1] and yij`∗

ij
x[Hi, e

∗
1] –1803

cross P (e∗2). Edge xij`∗
ij
y[Tj , e∗1] crosses eight of the nine edges of P (e∗2) – all edges except1804

xi
′j′

`∗
i′j′
y[Tj′ , e∗2]. Similarly, edge yij`∗

ij
x[Hi, e

∗
1] crosses eight of the nine edges of P (e∗2) – all1805

edges except yi
′j′

`∗
i′j′
x[Hi′ , e

∗
2]. Thus, δ = 8 + 8 = 16.1806

2. Suppose i < i′ < j < j′. Then six edges of P (e∗1) cross edges of P (e∗2).1807

• Edge xij`∗
ij
y[Tj , e∗1] crosses 3 edges of P (e∗2). Those three edges are y[Tj′ , e∗2]x[Bj′z , e∗2],1808

x[Bj′z , e∗2]y[F j′z , e∗2] and y[F j′z , e∗2], x[Hj′ , e
∗
2].1809

• Each of the three edges y[Tj , e∗1]x[Bjd, e∗1], x[Bjd, e∗1]y[F jd , e∗1] and y[F jd , e∗1]x[Hj , e
∗
1] of1810

P (e∗1) crosses both the edges x[Hj′ , e
∗
2], y[Ti′ , e∗2] and x[HI′ , e

∗
2]yi

′j′

`∗
i′j′

of P (e∗2), thus1811

resulting in 3× 2 = 6 crossings.1812

• Edge x[Hj , e
∗
1]y[Ti, e∗1] crosses 4 edges of P (e∗2). Those four edges are y[Ti′ , e∗2]x[Bi′w, e∗2],1813

x[Bi′w, e∗2]y[F i′w , e∗2], y[F i′w , e∗2]x[Hi′ , e
∗
2] and x[Hi′ , e

∗
2]yi

′j′

`∗
i′j′

.1814

• Edge x[Hi, e
∗
1]yij`∗

ij
of P (e∗1) crosses eight of the nine edges – all except x[Hi′ , e

∗
2]yi

′j′

`∗
i′j′

–1815

of P (e∗2).1816

Thus, δ = 3 + 6 + 4 + 8 = 21.1817

3. Suppose i < i′ < j′ < j. Six edges of P (e∗1) cross edges of P (e∗2).1818

• Each of the four edges xij`∗
ij
y[Tj , e∗1], y[Tj , e∗1]x[Bjd, e∗1], x[Bjd, e∗1]y[F jd , e∗1] and y[F jd , e∗1]x[Hj , e

∗
1]1819

of P (e∗1) crosses the two edges xi
′j′

`∗
i′j′
y[Tj′ , e∗2] and x[HI′ , y

i′j′

`∗
i′j′

] of P (e∗2), thus resulting1820

in 4× 2 = 8 crossings.1821

• Edge x[Hj , e
∗
1]y[Ti, e∗1] of P (e∗1) crosses eight of the nine edges of P (e∗2) – all edges1822

except xi
′j′

`∗
i′j′
y[Tj′ , e∗2].1823

• x[Hi, e
∗
1]yij`∗

ij
of P (e∗1) crosses eight of the nine edges – all except x[Hi′ , e

∗
2]yi

′j′

`∗
i′j′

– of1824

P (e∗2).1825

Thus, δ = 8 + 8 + 8 = 24.1826

J1827

I Lemma 57. Consider i, j, j′ ∈ [k], where i < j < j′. Let e∗1 = eij`∗
ij

= vicv
j
d, e∗2 = ejj

′

`∗
jj′

=1829

vjwv
j′
z , and β = |{(e, e′) | e ∈ P (e∗1), e′ ∈ P (e∗2) and e crosses e′}|. Exactly one of the1830

following holds.1831

1. If d = w, then β = 18.1832

2. If d < w, then β = 18.1833

3. If d > w, then β = 20.1834

Proof. The paths P (e∗1) and P (e∗2) have nine edges each. (See Figure 20. Red path is P (e∗1)1835

and Blue path P (e∗2).)1836
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Figure 20 Counting number of edges crossing.1828

1. Suppose d = w. Then four edges of P (e∗1) cross edges of P (e∗2).1837

• Edge xij`∗
ij
y[Tj , e∗1] crosses six of the nine edges of P (e∗2) – all edges except x[Biw, e∗2]y[F jw, e∗2],1838

y[F jw, e∗2], x[Hi, e
∗
2] and xjj

′

`∗
jj′
y[Tj′ , e∗2].1839

• Edge y[Tj , e∗1]x[Bjd, e∗1] crosses two edges of P (e∗2) – x[Biw, e∗2]y[F jw, e∗2] and x[Hi, e
∗
2]yjj

′

`∗
jj′

.1840

• x[Bjd, e∗1]y[F jd , e∗1] crosses two edges of P (e∗2) – y[F jw, e∗2], x[Hi, e
∗
2] and x[Hi, e

∗
2]yjj

′

`∗
jj′

.1841

• Edge x[Hi, e
∗
1]yij`∗

ij
crosses eight of the nine edges of P (e∗2) – all edges except x[Hi, e

∗
2]yjj

′

`∗
jj′

.1842

Thus, β = 6 + 2 + 2 + 8 = 18.1843

2. Suppose d < w. This case is identical to the previous one and we have β = 18.1844

3. Suppose d > w. In this case, five edges of P (e∗1) cross edges of P (e∗2). Four of them are1845

exactly as in the case when d = w, thus resulting in 18 crossings. In addition, the edge1846

y[F jd , e∗1]x[Hi, e
∗
1] crosses two edges of P (e∗2) – x[Bjw, e∗2]y[F jw, e∗2] and y[F jw, e∗2]x[Hi, e

∗
2].1847

Thus, β = 18 + 2 = 20.1848

J1849

I Lemma 58. Consider i, i′, j ∈ [k], where i < i′ < j. Let e∗1 = eij`∗
ij

= vicv
j
d, e∗2 = ei

′j
`∗

i′j
=1851

vi
′
wv

j
z, and α = |{(e, e′) | e ∈ P (e∗1), e′ ∈ P (e∗2) and e crosses e′}|. Exactly one of the1852

following holds.1853

1. If d 6 z, then α = 20;1854

2. otherwise d > z α = 22.1855

Proof. By the construction and the assumption that i < i′ < j, the edge x[Hi, e
∗
1]yij`∗

ij
1856

crosses every edge in E(P (e∗2)) \ {x[Hi, e
∗
2]yi

′j
`∗

i′j
} and does not cross {x[Hi, e

∗
2]yi

′j
`∗

i′j
}. There-1857

fore, x[Hi, e
∗
1]yij`∗

ij
crosses 8 edges in P ∗2 (see Figure 21). Let E∗1 = {x[Hi, e

∗
1]y[F ic , e∗1],1858

y[F ic , e∗1]x[Bic, e∗1], x[Bic, e∗1]y[Ti, e∗1]}. None of the edges in E∗1 crosses an edge in P ∗2 . The1859
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Figure 21 Counting number of edges crossing.1850

edge x[Hi′ , e
∗
2], yi

′j
`∗

i′j
crosses each edge in E(P ∗1 ) \ (E∗1 ∪ {x[Hi, e

∗
1]yij`∗

ij
}), and gives is 5 ad-1860

ditional pairwise crossings. The edge y[Ti, e∗1, x[Hj , e
∗
1]] ∈ E(P ∗1 ) crosses each edge in1861

{x[Hi′ , e
∗
2]y[F i′w , e∗2], y[F i′w , e∗2]x[Bi′w, e∗2], x[Bi′w, e∗2]y[Ti′ , e∗2]}, giving 3 more crossing edge pairs.1862

By ordering of vertices in Hj , we have that the edge y[Ti′ , e∗2]x[Hj , e
∗
2] crosses the edge1863

x[Hj , e
∗
1]y[F jd , e∗1], giving one additional crossing edge pair. Next, we consider cases based on1864

whether or not d 6 z.1865

• d 6 z. By ordering of vertices in Hj , we have 3 additional crossing edges, namely,1866

{x[Hj , e
∗
2]y[F jz , e∗2], y[F jd , e∗1]x[Bjd, e∗1]}, {x[Bjd, e∗1]y[Tj , e∗1], y[F jz , e∗2]x[Bjz , e∗2]}, and1867

{y[Tj , e∗1]xij`∗
ij
, x[Bjz , e∗2]y[Tj , e∗2]}. Hence, the total number of crossing edge pairs is 20.1868

• d > z. This together with the ordering of vertices in Hj gives 5 additional crossing edge1869

pairs as follows. The edge x[Hj , e
∗
1]y[F jd , e∗1] crosses each of the edges x[Hj , e

∗
2]y[F jz , e∗2],1870

y[F jz , e∗2]x[Bjz , e∗2], and the edge x[Bjz , e∗2]y[Tj , e∗2] crosses each of the edges y[F jd , e∗1]1871

x[Bjd, e∗1], x[Bjd, e∗1]y[Tj , e∗1], y[Tj , e∗1]xij`∗
ij
. Hence, the total number of crossing edge pairs1872

is 22.1873

J1874

In the following table (Figure 22), we set the value of k′ using Lemma 49 to 58. Note1875

that k′ = O(k4).1876

I Lemma 59. (G, V1, V2, . . ., Vk) is a yes-instance of Multi-Colored Clique if and1900

only if (G′, X, Y, s, t, k′) is a yes-instance of Crossing-Minimizing Path.1901

Proof. Suppose that (G, V1, V2, . . ., Vk) is a yes-instance of Multi-Colored Clique, and1902

let H be a clique in G that contains exactly one vertex from each Vi. Then, for each i ∈ [k],1903

H contains a unique vertex vii∗ ∈ Vi (“the selected vertex”), and for every i, j ∈ [k], i < j, H1904

contains the edge vii∗v
j
j∗ (“the selected edge”). The required an (s, t)-path in G′ starts at s1905

and traverses along the gadgets corresponding to each of the selected vertices and edges, and1906

finally ends at t.1907
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1877 Crossing with edge(s) Contribution to the sum (k′ =
∑
·) Lemma

1878 (x∗i , y∗i )
∑

i∈[k] 2(i− 1)(k − i + 1) + 2
(

i−1
2

)
Lemma 49

1879 (x̂i, ŷi)
∑

i∈[(k
2)] 2(

(
k
2

)
− i + 1) Lemma 50

1880 (ŷr, xij
`∗

ij
)

∑
r∈[(k

2)] 2(
(

k
2

)
− r) + 1 Lemma 51

1881 Here, ϕ(i, j) = r

1882 (yij
`∗

ij
, x̂r+1)

∑
r∈[(k

2)] 2(
(

k
2

)
− r) Lemma 52

1883 Here, ϕ(i, j) = r

1884 Path (y∗i , x∗i∗ , y∗i∗ , x∗i+1)
∑

i∈[k] 2
(

k−i
2

)
+ 6(k − 1) Lemma 53

1885 Eij with Eij 7
(

k
2

)
Proposition 54

1886 i < j

1887 Eij with Eij′s
∑

i,j∈[k],i<j
24(k − j) Lemma 55

1888 i < j < j′

1889 Eij with Ei′j′s
∑

i,j∈[k],i<j
16
(

k−j
2

)
Lemma 56

1890 i < j < i′ < j′ (item 1)
1891 Eij with Ei′j′s

∑
i,j∈[k],i<j

21(j − i− 1)(k − j) Lemma 56
1892 i < i′ < j < j′ (item 2)
1893 Eij with Ei′j′s

∑
i,j∈[k],i<j

24
(

j−i−1
2

)
Lemma 56

1894 i < i′ < j′ < j (item 3)
1895 Eij with Ejj′s

∑
i,j∈[k],i<j

18(k − j) Lemma 57
1896 i < j < j′

1897 Eij with Ei′js
∑

i,j∈[k],i<j
20(j − i− 1) Lemma 58

1898 i < i′ < j

Figure 22 Setting value of k′.1899

To see the reverse direction, suppose that (G′, X, Y, s, t, k′) is a yes-instance of Crossing-1908

Minimizing Path, and let P ? be an (s, t)− path in G′ with at most k′ crossings. Then, by1909

Observation 48, P ? contains the following.1910

1. {x∗i y∗i | i ∈ [k]} ∪ {x̂iŷi | i ∈ [
(
k
2
)
]} ⊆ E(P ?).1911

2. For each i ∈ [k], there is a unique i∗ ∈ [n] such that y∗i xii∗ , xii∗yii∗ , yii∗x∗i+1 ∈ E(P ?). Here,1912

x∗i+1 = x̂1, when i = k.1913

3. Consider r ∈ [
(
k
2
)
], and let ϕ(i, j) = r. There is a unique `∗ij ∈ [mij ] such that ŷrxij`∗

ij
∈1914

E(P ?), P (eij`∗
ij

) ⊆ P ?, and yij`∗
ij
, x̂r+1 ∈ E(P ?). Here, x̂r+1 = t, when r =

(
k
2
)
.1915

That is, P ? can be thought of as selecting one vertex from each Vi and one edge between every1916

pair Vi and Vj , where i < j. We claim that the required clique in G is the subgraph of G1917

induced on
{
vii∗ | i ∈ [k]

}
. In order to see that this graph is indeed a clique, consider i, j ∈ [k],1918

where i < j. We shall show that vii∗ and vjj∗ are adjacent in G. We have P (eij`∗
ij

) ⊆ P ?.1919

Suppose eij`∗
ij

= (vic, v
j
d). Then, because of our choice of k′ and parts 2 and 3 of Lemma 53, it1920

must be the case that c = i∗ and d = j∗. That is, eij`∗
ij

is the edge between vii∗ and vjj∗ . This1921

completes the proof. J1922

I Theorem 60. Crossing-Minimizing Path is both NP-hard and W[1]-hard when para-1923

meterized by the number of crossings.1924
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